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Introduction



Idée et concept

Faisabilité / 
essais

Conception

Construction

Opération et 
Maintenance

Déconstruction

Motivation – cycle de vie d’une structure
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Gestion optimale de la 
structure ➙ Prise de décision 

dans un contexte incertain

Exemples d’incertitudes : 
+ Actions : trafique, 

chargements, climat…
+ Résistances : matériaux, 

sols, … 
+ Dégradation : corrosion, 

fatigue, fluage, …
+ Coûts : construction, 

déconstruction, …



Motivation – le code d'Hammourabi
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Source : Wikipedia

+ Texte juridique babylonien (1750 av. J.-C.)

+ Musée du Louvre

+ Lois : 

> droit pénal, 

> droit de famille, 

> propriété, réglementation des activités 

économiques et professions, 

> …

2.
25

 m



Motivation – le code d'Hammourabi
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Source : Wikipedia

• 228. Si un entrepreneur construit une maison pour 

quelqu'un et l'achève, il lui sera donné le salaire de 

deux shekels par surface de 40 mètres carrés* 

couverts.

• 229 Si un entrepreneur construit une maison pour 

quelqu'un mais ne l'achève pas convenablement, et 

si cette maison s'écroule et tue son propriétaire, alors 

l'entrepreneur sera mis à mort.

• 230. Si elle tue le fils du propriétaire le fils de 

l'entrepreneur sera mis à mort.

2.
25

 m



Motivation – le code d'Hammourabi
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Source : Wikipedia

+ Transfert à l’entrepreneur (concepteur et constructeur) 

du risque

+ Définition du risque : 

Risque = Probabilité x Conséquence

> Probabilité de l’effondrement de la maison

> Conséquence : vie d’une personne, coûts, impact sur 

l’environnement

+ Comment minimiser le risque ?

+ Le code impose une obligation de résultats mais les 

moyens pour y arriver restent libres

2.
25

 m
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Types d’incertitudes

+ Epistémiques : 

> Incertitudes liées avec la 

manque de connaissance.  

> Peuvent se réduire lorsque 

plus d’informations/modèles 

sont disponibles

+ Aléatoires

> Incertitudes liées à la 

variabilité intrinsèque d’une 

propriété.

> Ces incertitudes sont 

irréductibles

Classification selon Der Kiureghian and Ditlevsen 2009 : 

+ Comment prendre en compte ces incertitudes dans la conception 

des ouvrages ?  
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Méthodes pour gérer l’incertain 

Modélisation probabiliste

Méthodes et outils de la logique floue

Ensembles convexes

Méthodes de robustesse

• Approche par des variables aléatoires
• Risque = Probabilité x Conséquence



Objectifs

+ Sensibiliser à la gestion des incertitudes dans la conception de 

structures.

+ Comprendre comment les incertitudes sont gérées dans les Eurocodes

(EC0).

+ Présenter des outils et des exemples sur l’estimation de la fiabilité des 

structures.
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Contenu

Introduction

Modélisation des incertitudes

Principes de fiabilité de structures

Méthode de Monte Carlo

Exemple : mise à jour de la fiabilité à partir de données 
mesurées

10



Modélisation des incertitudes



Représentation des incertitudes

Selon la disponibilité de 
l’information :

+ Estimation sommaire sur la base 
d’une expérience limitée, es

+ Evaluation d’expert sur un 
intervalle, [emin, emax]

+ Valeur caractéristique majorant 
ou minorant une valeur 
moyenne, ek

+ Variable aléatoire de densité 
fE(e) ou un processus 
stochastique
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es
Module d’Youngemin emaxek

fE(e)



Variables aléatoires

+ Représentation de résultats 

expérimentaux 

+ Types

> Discrète : l'ensemble des 

valeurs qu'elle peut prendre 

est fini ou infini dénombrable

> Continue : peut prendre 

n’importe quelle valeur dans 

son domaine

> Mixte : discrète et continue
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μe
Module d’Young

fE(e)



Variables aléatoires continues

+ Modélisation

> Distribution de probabilité : 

montre comment sont 

distribués les probabilités 

d’une variable aléatoire (lois 

normale, log-normale, etc.)

> Moments : moyenne, écart-

type, …
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μe Module d’Young

fE(e)

σe



Variables aléatoires continues

+ Representation

> Densité de probabilité

!! " =
$

$"
%! "

> Fonction de répartition  

%! " = &(( < ")
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Variables aléatoires continues – moments

+ Moyenne ou espérance

-! = . ( = /
#$

$
"!! " $"

+ Variance et écart-type

0 ( = 1!% = . ( − -! %

0 ( = /
#$

$
" − -! %!! " $"

Où 1! est l’écart-type

+ Coefficient de variation

340 =
1!
-!

+ Moments d’ordre supérieur

> Coefficient d’asymétrie

> Kurtosis
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Variables aléatoires continues – distributions

Loi uniforme : distribution définie sur un 

intervalle [a; b] avec moyenne μ et 

écart-type σ

Densité de probabilité

x
<latexit sha1_base64="Q7BAkx7B/Or9iOiCF3YDT/mt+VU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQUoVdC7UzYGOZgLlAEsLs5GwyZnZ2mZkVw5InsLFQxNbnsPAZ7HwQeyeXQhN/GPj4/3OYc44fC66N6345mZXVtfWN7GZua3tndy+/f1DXUaIY1lgkItX0qUbBJdYMNwKbsUIa+gIb/vBqkjfuUGkeyRszirET0r7kAWfUWKt6380X3JI7FVkGbw6Fy/fi9wcAVLr5z3YvYkmI0jBBtW55bmw6KVWGM4HjXDvRGFM2pH1sWZQ0RN1Jp4OOyYl1eiSIlH3SkKn7uyOlodaj0LeVITUDvZhNzP+yVmKCi07KZZwYlGz2UZAIYiIy2Zr0uEJmxMgCZYrbWQkbUEWZsbfJ2SN4iysvQ/205FmuuoXyGcyUhSM4hiJ4cA5luIYK1IABwgM8wbNz6zw6L87rrDTjzHsO4Y+ctx+4UI/E</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="qY+jlwgySbJ2a6OI/GoG3zbH90Q=">AAAB6HicbZA9TwJBEIbn8AvxC7W02UhMrMidhViS2FhCIh8JXMjeMgcre3uX3T0jufALbCw0xtafZOe/cYErFHyTTZ68M5OdeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucRleaxvDfTBP2IjiQPOaPGWs2nQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcdCv16zyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4V+M7A==</latexit>

fX(x)
<latexit sha1_base64="WRWYT+9HfxGGGt9ack91wxe1iVA=">AAAB73icbZC7SgNBFIbPeo3xFhVsbAaDEJuwa6GWARvLCOYCyRJmJ2eTIbOz68ysGJa8hI2FEtL6Ona+jZNLoYk/DHz85xzmnD9IBNfGdb+dtfWNza3t3E5+d2//4LBwdFzXcaoY1lgsYtUMqEbBJdYMNwKbiUIaBQIbweBuWm88o9I8lo9mmKAf0Z7kIWfUWKsZdrLmqPRy2SkU3bI7E1kFbwHFymkyngBAtVP4andjlkYoDRNU65bnJsbPqDKcCRzl26nGhLIB7WHLoqQRaj+b7TsiF9bpkjBW9klDZu7viYxGWg+jwHZG1PT1cm1q/ldrpSa89TMuk9SgZPOPwlQQE5Pp8aTLFTIjhhYoU9zuSlifKsqMjShvQ/CWT16F+lXZs/xg07iGuXJwBudQAg9uoAL3UIUaMBDwCu/w4Tw5b87Ymcxb15zFzAn8kfP5A0n/kZw=</latexit><latexit sha1_base64="Y2QUPKmYZl6rhu7Lcg39d8JUUio=">AAAB73icbZDLSsNAFIZP6q3WW1Vw42awCHVTEhfaZcGNywqmDbShTKaTduhkEmcmYgl9CTcKSnHr67gTfRinl4W2/jDw8Z9zmHP+IOFMadv+tHIrq2vrG/nNwtb2zu5ecf+goeJUEuqSmMfSC7CinAnqaqY59RJJcRRw2gwGV5N6855KxWJxq4cJ9SPcEyxkBGtjeWEn80blh7NOsWRX7KnQMjhzKNWOkvHz91e13il+tLsxSSMqNOFYqZZjJ9rPsNSMcDoqtFNFE0wGuEdbBgWOqPKz6b4jdGqcLgpjaZ7QaOr+nshwpNQwCkxnhHVfLdYm5n+1VqrDqp8xkaSaCjL7KEw50jGaHI+6TFKi+dAAJpKZXRHpY4mJNhEVTAjO4snL0DivOIZvTBoXMFMejuEEyuDAJdTgGurgAgEOj/ACr9ad9WSNrbdZa86azxzCH1nvP9VLk4M=</latexit><latexit sha1_base64="Y2QUPKmYZl6rhu7Lcg39d8JUUio=">AAAB73icbZDLSsNAFIZP6q3WW1Vw42awCHVTEhfaZcGNywqmDbShTKaTduhkEmcmYgl9CTcKSnHr67gTfRinl4W2/jDw8Z9zmHP+IOFMadv+tHIrq2vrG/nNwtb2zu5ecf+goeJUEuqSmMfSC7CinAnqaqY59RJJcRRw2gwGV5N6855KxWJxq4cJ9SPcEyxkBGtjeWEn80blh7NOsWRX7KnQMjhzKNWOkvHz91e13il+tLsxSSMqNOFYqZZjJ9rPsNSMcDoqtFNFE0wGuEdbBgWOqPKz6b4jdGqcLgpjaZ7QaOr+nshwpNQwCkxnhHVfLdYm5n+1VqrDqp8xkaSaCjL7KEw50jGaHI+6TFKi+dAAJpKZXRHpY4mJNhEVTAjO4snL0DivOIZvTBoXMFMejuEEyuDAJdTgGurgAgEOj/ACr9ad9WSNrbdZa86azxzCH1nvP9VLk4M=</latexit><latexit sha1_base64="w+hAUZsCHYXy//Snt4f/SpCdWuE=">AAAB73icbZA9TwJBEIbn8AvxC7W02UhMsCF3FmpJYmOJicAlQMjesgcb9vbO3TkjufAnbCw0xta/Y+e/cYErFHyTTZ68M5OdeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZaz+ghkuheBMFSu4nmtMokLwdjG9m9fYj10bE6h4nCe9FdKhEKBhFa/lhP/On1afzfrni1ty5yCp4OVQgV6Nf/uoOYpZGXCGT1JiO5ybYy6hGwSSflrqp4QllYzrkHYuKRtz0svm+U3JmnQEJY22fQjJ3f09kNDJmEgW2M6I4Msu1mflfrZNieN3LhEpS5IotPgpTSTAms+PJQGjOUE4sUKaF3ZWwEdWUoY2oZEPwlk9ehdZFzbN851bql3kcRTiBU6iCB1dQh1toQBMYSHiGV3hzHpwX5935WLQWnHzmGP7I+fwBkbKPmA==</latexit>

1

b� a
<latexit sha1_base64="DJ65wy4JLDnMAq0DX+J3+FTD6eg=">AAAB9HicbZC7SgNBFIbPxluMt6ilzWAQbAy7FmoZsLGMYBIhWcLs5GwyZHZ2nZkNhGWfw8YiIrY+hI9g59s4uRSa+MPAx3/O4Zz5g0RwbVz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxbDBYhGrx4BqFFxiw3Aj8DFRSKNAYCsY3k7rrREqzWP5YMYJ+hHtSx5yRo21/E6oKMu8PAsuaN4tV9yqOxNZBW8BlZpX/JwAQL1b/ur0YpZGKA0TVOu25ybGz6gynAnMS51UY0LZkPaxbVHSCLWfzY7OyZl1eiSMlX3SkJn7eyKjkdbjKLCdETUDvVybmv/V2qkJb/yMyyQ1KNl8UZgKYmIyTYD0uEJmxNgCZYrbWwkbUJuDsTmVbAje8pdXoXlZ9Szf2zSuYK4inMApnIMH11CDO6hDAxg8wTNM4NUZOS/Om/M+by04i5lj+CPn4wcoIJPQ</latexit><latexit sha1_base64="WlUz8A7omtefqVMRU8qaZbnlDJ0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuLHMuFCXBTcuK/QG7VAyaaYNTTJjkimUYfAx3LhQ1K0P4SO4c+OzmF4W2vpD4OM/53BO/iDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLye1JsjqjSLZM2MY+oL3JcsZAQba/mdUGGSelkanOGsWyy5ZXcqtAzeHEoVL//xWvu+r3aLn51eRBJBpSEca9323Nj4KVaGEU6zQifRNMZkiPu0bVFiQbWfTo/O0Il1eiiMlH3SoKn7eyLFQuuxCGynwGagF2sT879aOzHhlZ8yGSeGSjJbFCYcmQhNEkA9pigxfGwBE8XsrYgMsM3B2JwKNgRv8cvL0Dgve5ZvbRoXMFMejuAYTsGDS6jADVShDgTu4AGe4NkZOY/Oi/M2a80585lD+CPn/Qdv6ZWF</latexit><latexit sha1_base64="WlUz8A7omtefqVMRU8qaZbnlDJ0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuLHMuFCXBTcuK/QG7VAyaaYNTTJjkimUYfAx3LhQ1K0P4SO4c+OzmF4W2vpD4OM/53BO/iDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLye1JsjqjSLZM2MY+oL3JcsZAQba/mdUGGSelkanOGsWyy5ZXcqtAzeHEoVL//xWvu+r3aLn51eRBJBpSEca9323Nj4KVaGEU6zQifRNMZkiPu0bVFiQbWfTo/O0Il1eiiMlH3SoKn7eyLFQuuxCGynwGagF2sT879aOzHhlZ8yGSeGSjJbFCYcmQhNEkA9pigxfGwBE8XsrYgMsM3B2JwKNgRv8cvL0Dgve5ZvbRoXMFMejuAYTsGDS6jADVShDgTu4AGe4NkZOY/Oi/M2a80585lD+CPn/Qdv6ZWF</latexit><latexit sha1_base64="k5FqQ04wIrqQI0XfcR3bEqYtGAA=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEIXiyJB/VY8OKxgv2ANpTNdtIu3Wzi7qZQQn6HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47tZvT1BpXksH800QT+iQ8lDzqixlt8LFWWZl2fBJc37lapbc+ciq+AVUIVCjX7lqzeIWRqhNExQrbuemxg/o8pwJjAv91KNCWVjOsSuRUkj1H42Pzon59YZkDBW9klD5u7viYxGWk+jwHZG1Iz0cm1m/lfrpia89TMuk9SgZItFYSqIicksATLgCpkRUwuUKW5vJWxEbQ7G5lS2IXjLX16F1lXNs/zgVuvXRRwlOIUzuAAPbqAO99CAJjB4gmd4hTdn4rw4787HonXNKWZO4I+czx+nRpH1</latexit>

a
<latexit sha1_base64="YyKFxld9/DBhLjzI1z3wXMUG/U0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qrRbqHolt2pyDJ4cyhevZe+PwCg2i18dnoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NBx2TU+v0SBgr+6QhU/d3R0YjrUdRYCsjagZ6MZuY/2Xt1ISXfsZlkhqUbPZRmApiYjLZmvS4QmbEyAJlittZCRtQRZmxt8nbI3iLKy9D46zsWa65xco5zJSDYziBEnhwARW4gSrUgQHCAzzBs3PnPDovzuusdMWZ9xzBHzlvP5V0j60=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="iLQiBv9KUlHTPivJWbp6G+aXjdc=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixVosOqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuWWW2tcF3GU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QO+g4zV</latexit> b

<latexit sha1_base64="56mTk4S3bk3RiVoqRb4Kv/OMfJg=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qoF3ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgCW+I+u</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1uBnx0rLpkFuzMQbk/J4aeycpB4=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixViscVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wfAB4zW</latexit>

Fonction de répartition

x
<latexit sha1_base64="Q7BAkx7B/Or9iOiCF3YDT/mt+VU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQUoVdC7UzYGOZgLlAEsLs5GwyZnZ2mZkVw5InsLFQxNbnsPAZ7HwQeyeXQhN/GPj4/3OYc44fC66N6345mZXVtfWN7GZua3tndy+/f1DXUaIY1lgkItX0qUbBJdYMNwKbsUIa+gIb/vBqkjfuUGkeyRszirET0r7kAWfUWKt6380X3JI7FVkGbw6Fy/fi9wcAVLr5z3YvYkmI0jBBtW55bmw6KVWGM4HjXDvRGFM2pH1sWZQ0RN1Jp4OOyYl1eiSIlH3SkKn7uyOlodaj0LeVITUDvZhNzP+yVmKCi07KZZwYlGz2UZAIYiIy2Zr0uEJmxMgCZYrbWQkbUEWZsbfJ2SN4iysvQ/205FmuuoXyGcyUhSM4hiJ4cA5luIYK1IABwgM8wbNz6zw6L87rrDTjzHsO4Y+ctx+4UI/E</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="qY+jlwgySbJ2a6OI/GoG3zbH90Q=">AAAB6HicbZA9TwJBEIbn8AvxC7W02UhMrMidhViS2FhCIh8JXMjeMgcre3uX3T0jufALbCw0xtafZOe/cYErFHyTTZ68M5OdeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucRleaxvDfTBP2IjiQPOaPGWs2nQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcdCv16zyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4V+M7A==</latexit>

a
<latexit sha1_base64="YyKFxld9/DBhLjzI1z3wXMUG/U0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qrRbqHolt2pyDJ4cyhevZe+PwCg2i18dnoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NBx2TU+v0SBgr+6QhU/d3R0YjrUdRYCsjagZ6MZuY/2Xt1ISXfsZlkhqUbPZRmApiYjLZmvS4QmbEyAJlittZCRtQRZmxt8nbI3iLKy9D46zsWa65xco5zJSDYziBEnhwARW4gSrUgQHCAzzBs3PnPDovzuusdMWZ9xzBHzlvP5V0j60=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="iLQiBv9KUlHTPivJWbp6G+aXjdc=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixVosOqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuWWW2tcF3GU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QO+g4zV</latexit> b

<latexit sha1_base64="56mTk4S3bk3RiVoqRb4Kv/OMfJg=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qoF3ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgCW+I+u</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1uBnx0rLpkFuzMQbk/J4aeycpB4=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixViscVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wfAB4zW</latexit>

FX(x)
<latexit sha1_base64="DxGTqs8Fr7Wg6XSI6HKhmVco34k=">AAAB73icbZDLSgMxFIZP6q3WW1Vw4yZYhLopMy7UZUEQlxVsO9AOJZNm2tBMZkwyYhn6Em5cKKVbX8edb2N6WWjrD4GP/5xDzvmDRHBtHOcb5dbWNza38tuFnd29/YPi4VFDx6mirE5jESsvIJoJLlndcCOYlyhGokCwZjC4ndabz0xpHstHM0yYH5Ge5CGnxFjLu+tk3qj8ctEplpyKMxNeBXcBpepJMp4AQK1T/Gp3Y5pGTBoqiNYt10mMnxFlOBVsVGinmiWEDkiPtSxKEjHtZ7N9R/jcOl0cxso+afDM/T2RkUjrYRTYzoiYvl6uTc3/aq3UhDd+xmWSGibp/KMwFdjEeHo87nLFqBFDC4QqbnfFtE8UocZGVLAhuMsnr0LjsuJafrBpXMFceTiFMyiDC9dQhXuoQR0oCHiFd/hAT+gNjdFk3ppDi5lj+CP0+QMYn5F8</latexit><latexit sha1_base64="mO9yEoAX1rF1EwfoaE7OzdDBiCE=">AAAB73icbZDLSgMxFIbP1Futt6rgxk2wCHVTZrrQLguCuKxg24F2KJk004ZmMmOSEcvQl3CjoBS3vo470YcxvSy09YfAx3/OIef8fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BQ0WJJLROIh5J18eKciZoXTPNqRtLikOf06Y/uJzUm/dUKhaJWz2MqRfinmABI1gby73qpO6o+HDWyRfskj0VWgZnDoXqUTx+/v6q1Dr5j3Y3IklIhSYcK9Vy7Fh7KZaaEU5HuXaiaIzJAPdoy6DAIVVeOt13hE6N00VBJM0TGk3d3xMpDpUahr7pDLHuq8XaxPyv1kp0UPFSJuJEU0FmHwUJRzpCk+NRl0lKNB8awEQysysifSwx0SainAnBWTx5GRrlkmP4xqRxDjNl4RhOoAgOXEAVrqEGdSDA4RFe4NW6s56ssfU2a81Y85lD+CPr/Qej65Nj</latexit><latexit sha1_base64="mO9yEoAX1rF1EwfoaE7OzdDBiCE=">AAAB73icbZDLSgMxFIbP1Futt6rgxk2wCHVTZrrQLguCuKxg24F2KJk004ZmMmOSEcvQl3CjoBS3vo470YcxvSy09YfAx3/OIef8fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BQ0WJJLROIh5J18eKciZoXTPNqRtLikOf06Y/uJzUm/dUKhaJWz2MqRfinmABI1gby73qpO6o+HDWyRfskj0VWgZnDoXqUTx+/v6q1Dr5j3Y3IklIhSYcK9Vy7Fh7KZaaEU5HuXaiaIzJAPdoy6DAIVVeOt13hE6N00VBJM0TGk3d3xMpDpUahr7pDLHuq8XaxPyv1kp0UPFSJuJEU0FmHwUJRzpCk+NRl0lKNB8awEQysysifSwx0SainAnBWTx5GRrlkmP4xqRxDjNl4RhOoAgOXEAVrqEGdSDA4RFe4NW6s56ssfU2a81Y85lD+CPr/Qej65Nj</latexit><latexit sha1_base64="+ClyisMn1PsMITHbcm/EingcnsI=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2PajHgiAeK9h2oV1KNp22odnsmmTFsvRPePGgiFf/jjf/jWm7B219IfDwzgyZecNEcG1c99tZWV1b39gsbBW3d3b39ksHh00dp4phg8UiVn5INQousWG4EegnCmkUCmyFo+tpvfWISvNY3ptxgkFEB5L3OaPGWv5NN/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGKA0TVOu25yYmyKgynAmcFDupxoSyER1g26KkEeogm+07IafW6ZF+rOyThszc3xMZjbQeR6HtjKgZ6sXa1Pyv1k5N/yrIuExSg5LNP+qngpiYTI8nPa6QGTG2QJnidlfChlRRZmxERRuCt3jyMjTPq57lO7dcu8jjKMAxnEAFPLiEGtxCHRrAQMAzvMKb8+C8OO/Ox7x1xclnjuCPnM8fYFKPeA==</latexit>

1
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Variables aléatoires continues – distributions

Loi normale : distribution symétrique 

avec moyenne μ et écart-type σ

%!(") = Φ
" − -

1

%!(") = /
#$

& 1

27
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; − -

1

%
$;

Où Φ . est la fonction de répartition 

d’une loi normale centrée réduite
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Variables aléatoires continues – distributions

Loi log-normale : distribution 

asymétrique avec moyenne μ et écart-

type σ

%!(") = Φ
ln " − -'

1'
où

1' = ln
(!
)! + 1 et  -' = ln - − 0.51'%

Source : Wikipedia

* = 0

* = 0



Choix de distribution

+ Identifier le domaine physique de la variable aléatoire

> Variable positive

> Variable tronquée

+ Faire une hypothèse sur le type de loi

+ Estimer les paramètres

> Maximum de vraisemblance

> Méthode des moments

> Moindres carrés

> Méthodes bayésiennes

> Méthodes inverses

+ Valider le choix 

20



Choix de distribution

+ Chargements extrêmes (lois d’extremum) 

> Gumbel : vents extrêmes, neige, température

> Weibull : vagues

+ Résistance des matériaux

> Normale

> Log-normale

> Beta

> Weibull

+ Fatigue

> Log-normale

> Weibull

21



Choix de distribution

22

JCSS: Joint Committee Structural 

Safety: https://www.jcss-lc.org/

Source : JCSS

https://www.jcss-lc.org/


Choix de distribution

23

Uncertainty modelling

172nd Infrastar Training School, online, 27-30 October 2020

JCSS Probabilistic 

Model Code

1 Basis of Design

2 Loads Models

3 Resistance

JCSS: Joint Committee Structural Safety: https://www.jcss-lc.org/

2.0 General

2.1 Self weight

2.2 Live load

2.3 Industrial storage

2.4 Cranes

2.5 Traffic

2.6 Car parks

2.7 Silo load

2.8 Liquids/gasses

2.9 Temperature

2.10 Ground

2.11 Water/groundwater

2.12 Snow

2.13 Wind

2.14 Temperature

2.15 Waves

2.16 Avalanches

2.17 Earth quake

2.18 Impact

2.19 Explosion

2.20 Fire

2.21 Chem/Phys agencies

3.0 General

3.1 Concrete

3.2 Reinforcement

3.3 Prestressed steel

3.4 Steel

3.5 Timber

3.6 Aluminium

3.7 Soil

3.8 Masonry

3.9 Model uncertainty

3.10 Dimensions

3.11 Imperfections

3.12 Fatigue

JCSS: Joint Committee Structural 
Safety: https://www.jcss-lc.org/

https://www.jcss-lc.org/


Principes de fiabilité des structures



Modélisation probabiliste

+ Objectif : déterminer la probabilité d’occurrence d’un événement

Risque = Probabilité x Conséquence

+ Conception : probabilité de défaillance d’un composant/ouvrage vis-à-vis 

une sollicitation donnée

25



Estimation de la fiabilité d’une structure

+ Méthodes

26

Page 53
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Figure C.1 — Survol des méthodes de la fiabilité

C.5 Indice de fiabilité b
Dans les procédures de Niveau II, une autre mesure de la fiabilité est, par convention, définie par l’indice de
fiabilité b, qui est rattaché à Pf par :

... (C.1)

où U est la fonction de distribution cumulée de la distribution Normale standard. La relation entre U et b est donnée
au Tableau C.1.

(2) La probabilité de défaillance Pf peut être exprimée par une fonction de performance g, de sorte qu'une structure
est considérée comme survivante si g > 0 et défaillante si g ≤ 0 :

Pf = Prob(g ≤ 0) ... (C.2a)

Si R est la résistance et E l'effet des actions, la fonction de performance g est : 

g = R – E ... (C.2b)

R, E et g étant des variables aléatoires.

Tableau C.1 — Relation entre b et Pf

Pf 10-1 10-2 10-3 10-4 10-5 10-6 10-7

b 1,28 2,32 3,09 3,72 4,27 4,75 5,20

 

MÈthodes probabilistes 

FORM 
(Niveau II) 

MÈthodes dÈterministes 

MÈthodes historiques 
MÈthodes empiriques IntÈgralement probabilistes 

(Niveau III) 

Calibration Calibration Calibration 

MÈthodes semi-
probabilistes 
(Niveau I) 

Calcul aux 
coefficients partiels

MÈthode c

MÈthode a MÈthode b 

Pf U – b( )=

Source : EC0



Cas élémentaire de la fiabilité

R = résistance de 

l’élément/structure (seuil de 

réparation) 

S = sollicitation (indicateur de 

dégradation).

+ Les incertitudes liées à R et S 

peuvent se représenter par des 

variables aléatoires (lois de 

distribution)

+ La probabilité de défaillance pf
est P(R < S) = P(R – S < 0)

27

r, s

fR(r), fS(s)

μS, σS μR, σR

S R

pf



Cas élémentaire de la fiabilité

+ Pour des variables normales, on 

peut définir une nouvelle 

variable aléatoire Z (marge) :

Z = R – S

+ Z est caractérisée par une 

moyenne μZ = μR – μS et un

écart-type

σZ
2= σR

2 + σS
2

28

z

fZ(z) μZ, σZ

pf

β σZ

Indice de fiabilité : pf = Φ[– β]

Page 12
EN 1990:2002

1.5.2.14.1
états-limites de service irréversibles
états-limites de service pour lesquels certaines conséquences d’actions entraînant un dépassement des exigen-
ces de service spécifiées subsisteront lorsque les actions auront disparu

1.5.2.14.2
états-limites de service réversibles
états-limites pour lesquels aucune conséquence d’actions entraînant un dépassement des exigences de service
spécifiées ne subsistera lorsque les actions auront disparu

1.5.2.14.3
critère d'aptitude au service
critère de dimensionnement pour un état-limite de service

1.5.2.15
résistance (sollicitation résistante)
capacité d'un élément ou d'un composant, ou d'une section transversale d'un élément ou composant structural, à
résister à des actions sans défaillance mécanique, par exemple résistance à la flexion, résistance au flambement,
résistance à la traction

1.5.2.16
résistance (d’un matériau)
propriété mécanique d'un matériau, indiquant sa capacité à résister à des actions, habituellement exprimée en
unités de contrainte

1.5.2.17
fiabilité
capacité d'une structure ou d'un élément structural à satisfaire aux exigences spécifiées, y compris la durée
d'utilisation de projet, pour lesquelles il ou elle a été conçu(e). La fiabilité s'exprime habituellement en termes de
probabilité

NOTE La fiabilité recouvre la sécurité, l'aptitude au service et la durabilité d'une structure.

1.5.2.18
différenciation de la fiabilité
mesures destinées à l'optimisation socio-économique des ressources à utiliser pour réaliser des constructions, en
tenant compte de toutes les conséquences prévues de défaillances et du coût des constructions

1.5.2.19
variable de base
partie d'un ensemble spécifié de variables représentant les grandeurs physiques qui caractérisent des actions et
des influences d'environnement, des grandeurs géométriques, et des propriétés des matériaux, y compris les pro-
priétés du sol

1.5.2.20
maintenance
ensemble des opérations effectuées pendant la durée d'utilisation de la structure, afin de lui permettre de satisfaire
aux exigences de fiabilité

NOTE Les opérations de réparation de la structure après un accident ou un tremblement de terre n'entrent pas norma-
lement dans le cadre de la maintenance.

1.5.2.21
réparation
opérations effectuées pour préserver ou rétablir la fonction d'une structure qui n'entrent pas dans le cadre de la
maintenance

1.5.2.22
valeur nominale
valeur fixée sur des bases non statistiques, par exemple sur une expérience acquise ou sur des considérations
physiques



Autres cas

+ Lorsque R et S dépendent d’autres variables aléatoires et/ou ne suivent pas 
des lois normales, la probabilité de défaillance s’écrit :

où : X est un vecteur contenant les n variables aléatoires,
fX(x) est la fonction de probabilité jointe et
g(X) est l’équation d’état limite (marge) du problème

+ L’équation d’état limite peut s’écrire sur la base de deux types de défaillance :
> État limite de service (ELS)
> État limite ultime (ELU)

29

pf = P (g(X)  0) =
R
g(X)0 fX(x)dx1...dxn
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État limite de service (ELS)

+ La « défaillance » est liée à une perte de la capacité de service sans 

affecter d’une manière importante la sécurité de la structure. Par 

exemple : flèche, …

+ Pour la flèche g(X) dévient :

g(X) = vlim – v(X) 

où :vlim = flèche admisible maximale, et

v(X) = flèche en fonction des variables aléatoires X

30

vlim
v(X) =

PL3

3EI
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État limite ultime (ELU)

+ La « défaillance » est liée à l’effondrement de la structure. Par exemple : 

moment fléchissant, effort tranchant, … 

+ Pour le moment fléchissant g(X) dévient :

g(X) = Mr(X) – Ma(X) 

où :Ma(X) = moment appliqué, et

Mr(X) = moment résistant
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Ordres de grandeur de β
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B.3 Différenciation de la fiabilité
B.3.1 Classes de conséquences
(1) Aux fins de la différenciation de la fiabilité, des classes de conséquences (CC) peuvent être établies en tenant
compte des conséquences de la défaillance ou du mauvais fonctionnement de la structure, telles que données
dans le Tableau B.1.

(2) Le critère de classification des conséquences est l'importance de la structure ou de l’élément structural
concerné, en termes de conséquences de la défaillance. Voir B.3.3.
(3) En fonction de la forme structurale et des décisions prises au cours du projet, des éléments particuliers de la
structure peuvent être rangés dans la classe de conséquences identique, inférieure ou supérieure à celle de la
structure entière.

NOTE Actuellement, les exigences de fiabilité sont associées aux éléments structuraux des constructions.

B.3.2 Différenciation par valeurs de b

(1) Les classes de fiabilité (RC) peuvent être définies en utilisant le concept d'indice de fiabilité b.

(2) Trois classes de fiabilité RC1, RC2 et RC3 peuvent être associées aux trois classes de conséquences CC1,
CC2 et CC3. 
(3) Le Tableau B.2 donne des valeurs minimales recommandées pour l'indice de fiabilité associé aux classes de
fiabilité (voir également l’Annexe C).

NOTE Un projet utilisant l'EN 1990 avec les coefficients partiels donnés dans l'Annexe A1 et les EN 1991 à 1999 est
généralement considéré comme menant à une structure avec une valeur b supérieure à 3,8 pour une durée de référence
de 50 ans. Des classes de fiabilité pour les éléments de la structure supérieures à RC3 ne sont pas abordées davantage
dans la présente annexe, car ces structures exigent un examen particulier.

Tableau B.1 — Définition des classes de conséquences

Classe 
de conséquences Description Exemples de bâtiments 

et de travaux de génie civil

CC3 Conséquence élevée en termes de perte de vie
humaine, ou conséquences économiques, sociales
ou d'environnement très importantes

Tribunes, bâtiments publics où les consé-
quences de la défaillance seraient élevées
(par exemple salle de concert)

CC2 Conséquence moyenne en termes de perte de vie
humaine, conséquences économiques, sociales ou
d'environnement considérables

Bâtiments résidentiels et de bureaux, bâti-
ments publics où les conséquences de la
défaillance seraient moyennes (par exem-
ple bâtiment de bureaux)

CC1 Conséquence faible en termes de perte de vie
humaine, et conséquences économiques, sociales
ou d'environnement faibles ou négligeables

Bâtiments agricoles normalement inoccu-
pés (par exemple, bâtiments de stockage),
serres

Tableau B.2 — Valeurs minimales recommandées 
pour l'indice de fiabilité b (états-limites ultimes)

Classe de fiabilité
Valeurs minimales pour b

Durée de référence 1 an Durée de référence 50 ans

RC3 5,2 4,3

RC2 4,7 3,8

RC1 4,2 3,3

Source : EC0
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Introduction

+ Simulation : génération de reproductions raisonnables du monde réel qui 

sert à étudier sa nature probabiliste. 

+ Les simulations servent à traiter des problèmes plus réalistes : modèles 

complexes, multiples sources d’incertitude, variabilité temporel et 

spatiale, corrélations, etc.

+ Méthode très robuste mais limité parfois par le temps de calcul (modèle, 

incertitudes)

+ Comme les simulations reproduisent essentiellement des expériences, 

Leur précision dépend donc de :

> la précision avec laquelle la distribution ajustée correspond aux 

expériences

> le nombre de simulations considérées
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Méthode de Monte-Carlo

+ 2ème guerre mondiale : développement d’armes nucléaires (Von 
Newman)

+ Echantillonnage aléatoire pour simuler le comportement d’un système

+ Etapes :

1. Définir la fonction A qui décrit le problème en fonction des autres 
variables aléatoires du problème :

A = !((", (%, … , (-)

2. Déterminer la loi de distribution et les paramètres pour chaque variable 
(. (y compris les corrélations)
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Méthode de Monte-Carlo

3. Générer D valeurs aléatoires E". pour chaque variable (. selon sa loi de 

distribution, F = 1…D

4. Evaluer la fonction A en utilisant les réalisations de chaque variable 

EG. = !(E"", E"%, … E"-)

5. Extraire l’information probabiliste et statistique des résultats

6. Déterminer l’efficacité et la précision de la simulation

38



Génération de nombres aléatoires

+ Les calculatrices et d’autres logiciels (Excel, Matlab, Python, …) ont des 
générateurs de nombres aléatoires 

+ Les algorithmes ont besoin d’un nombre initial : seed = graine

+ Générateur standard : nombres aléatoires suivant une loi normale dans 
l’intervalle [0, 1]

+ Nombres pseudo-aléatoires : les valeurs peuvent se répéter si le nombre 
de simulations est >109

+ Pour d’autres distributions :

> Transformation inverse

> Convolution

> Acceptation et rejet
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Méthode de la transformation inverse

+ On cherche à estimer la réalisation d’une variable aléatoire E". avec -! et 

1! suivant une loi de probabilité %!(H) à partir d’un nombre pseudo-

aléatoire I.

E". = %!#"(I.)

+ Cela est possible car la fonction de répartition de (, %!(H) est définie 

dans l’intervalle [0, 1]

+ Des étapes supplémentaires sont nécessaires pour les lois de 

distribution discrètes
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Méthode de la transformation inverse

Loi uniforme : distribution définie sur un 

intervalle [a; b] avec moyenne μ et 

écart-type σ

Densité de probabilité

x
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1

b� a
<latexit sha1_base64="DJ65wy4JLDnMAq0DX+J3+FTD6eg=">AAAB9HicbZC7SgNBFIbPxluMt6ilzWAQbAy7FmoZsLGMYBIhWcLs5GwyZHZ2nZkNhGWfw8YiIrY+hI9g59s4uRSa+MPAx3/O4Zz5g0RwbVz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxbDBYhGrx4BqFFxiw3Aj8DFRSKNAYCsY3k7rrREqzWP5YMYJ+hHtSx5yRo21/E6oKMu8PAsuaN4tV9yqOxNZBW8BlZpX/JwAQL1b/ur0YpZGKA0TVOu25ybGz6gynAnMS51UY0LZkPaxbVHSCLWfzY7OyZl1eiSMlX3SkJn7eyKjkdbjKLCdETUDvVybmv/V2qkJb/yMyyQ1KNl8UZgKYmIyTYD0uEJmxNgCZYrbWwkbUJuDsTmVbAje8pdXoXlZ9Szf2zSuYK4inMApnIMH11CDO6hDAxg8wTNM4NUZOS/Om/M+by04i5lj+CPn4wcoIJPQ</latexit><latexit sha1_base64="WlUz8A7omtefqVMRU8qaZbnlDJ0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuLHMuFCXBTcuK/QG7VAyaaYNTTJjkimUYfAx3LhQ1K0P4SO4c+OzmF4W2vpD4OM/53BO/iDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLye1JsjqjSLZM2MY+oL3JcsZAQba/mdUGGSelkanOGsWyy5ZXcqtAzeHEoVL//xWvu+r3aLn51eRBJBpSEca9323Nj4KVaGEU6zQifRNMZkiPu0bVFiQbWfTo/O0Il1eiiMlH3SoKn7eyLFQuuxCGynwGagF2sT879aOzHhlZ8yGSeGSjJbFCYcmQhNEkA9pigxfGwBE8XsrYgMsM3B2JwKNgRv8cvL0Dgve5ZvbRoXMFMejuAYTsGDS6jADVShDgTu4AGe4NkZOY/Oi/M2a80585lD+CPn/Qdv6ZWF</latexit><latexit sha1_base64="WlUz8A7omtefqVMRU8qaZbnlDJ0=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EiuLHMuFCXBTcuK/QG7VAyaaYNTTJjkimUYfAx3LhQ1K0P4SO4c+OzmF4W2vpD4OM/53BO/iDmTBvX/XJyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLye1JsjqjSLZM2MY+oL3JcsZAQba/mdUGGSelkanOGsWyy5ZXcqtAzeHEoVL//xWvu+r3aLn51eRBJBpSEca9323Nj4KVaGEU6zQifRNMZkiPu0bVFiQbWfTo/O0Il1eiiMlH3SoKn7eyLFQuuxCGynwGagF2sT879aOzHhlZ8yGSeGSjJbFCYcmQhNEkA9pigxfGwBE8XsrYgMsM3B2JwKNgRv8cvL0Dgve5ZvbRoXMFMejuAYTsGDS6jADVShDgTu4AGe4NkZOY/Oi/M2a80585lD+CPn/Qdv6ZWF</latexit><latexit sha1_base64="k5FqQ04wIrqQI0XfcR3bEqYtGAA=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEIXiyJB/VY8OKxgv2ANpTNdtIu3Wzi7qZQQn6HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47tZvT1BpXksH800QT+iQ8lDzqixlt8LFWWZl2fBJc37lapbc+ciq+AVUIVCjX7lqzeIWRqhNExQrbuemxg/o8pwJjAv91KNCWVjOsSuRUkj1H42Pzon59YZkDBW9klD5u7viYxGWk+jwHZG1Iz0cm1m/lfrpia89TMuk9SgZItFYSqIicksATLgCpkRUwuUKW5vJWxEbQ7G5lS2IXjLX16F1lXNs/zgVuvXRRwlOIUzuAAPbqAO99CAJjB4gmd4hTdn4rw4787HonXNKWZO4I+czx+nRpH1</latexit>

a
<latexit sha1_base64="YyKFxld9/DBhLjzI1z3wXMUG/U0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qrRbqHolt2pyDJ4cyhevZe+PwCg2i18dnoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NBx2TU+v0SBgr+6QhU/d3R0YjrUdRYCsjagZ6MZuY/2Xt1ISXfsZlkhqUbPZRmApiYjLZmvS4QmbEyAJlittZCRtQRZmxt8nbI3iLKy9D46zsWa65xco5zJSDYziBEnhwARW4gSrUgQHCAzzBs3PnPDovzuusdMWZ9xzBHzlvP5V0j60=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="iLQiBv9KUlHTPivJWbp6G+aXjdc=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixVosOqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuWWW2tcF3GU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QO+g4zV</latexit> b

<latexit sha1_base64="56mTk4S3bk3RiVoqRb4Kv/OMfJg=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qoF3ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgCW+I+u</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1uBnx0rLpkFuzMQbk/J4aeycpB4=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixViscVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wfAB4zW</latexit>

Fonction de répartition

x
<latexit sha1_base64="Q7BAkx7B/Or9iOiCF3YDT/mt+VU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQUoVdC7UzYGOZgLlAEsLs5GwyZnZ2mZkVw5InsLFQxNbnsPAZ7HwQeyeXQhN/GPj4/3OYc44fC66N6345mZXVtfWN7GZua3tndy+/f1DXUaIY1lgkItX0qUbBJdYMNwKbsUIa+gIb/vBqkjfuUGkeyRszirET0r7kAWfUWKt6380X3JI7FVkGbw6Fy/fi9wcAVLr5z3YvYkmI0jBBtW55bmw6KVWGM4HjXDvRGFM2pH1sWZQ0RN1Jp4OOyYl1eiSIlH3SkKn7uyOlodaj0LeVITUDvZhNzP+yVmKCi07KZZwYlGz2UZAIYiIy2Zr0uEJmxMgCZYrbWQkbUEWZsbfJ2SN4iysvQ/205FmuuoXyGcyUhSM4hiJ4cA5luIYK1IABwgM8wbNz6zw6L87rrDTjzHsO4Y+ctx+4UI/E</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="qY+jlwgySbJ2a6OI/GoG3zbH90Q=">AAAB6HicbZA9TwJBEIbn8AvxC7W02UhMrMidhViS2FhCIh8JXMjeMgcre3uX3T0jufALbCw0xtafZOe/cYErFHyTTZ68M5OdeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucRleaxvDfTBP2IjiQPOaPGWs2nQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcdCv16zyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4V+M7A==</latexit>

a
<latexit sha1_base64="YyKFxld9/DBhLjzI1z3wXMUG/U0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qrRbqHolt2pyDJ4cyhevZe+PwCg2i18dnoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NBx2TU+v0SBgr+6QhU/d3R0YjrUdRYCsjagZ6MZuY/2Xt1ISXfsZlkhqUbPZRmApiYjLZmvS4QmbEyAJlittZCRtQRZmxt8nbI3iLKy9D46zsWa65xco5zJSDYziBEnhwARW4gSrUgQHCAzzBs3PnPDovzuusdMWZ9xzBHzlvP5V0j60=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="iLQiBv9KUlHTPivJWbp6G+aXjdc=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixVosOqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuWWW2tcF3GU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QO+g4zV</latexit> b

<latexit sha1_base64="56mTk4S3bk3RiVoqRb4Kv/OMfJg=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qoF3ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgCW+I+u</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1uBnx0rLpkFuzMQbk/J4aeycpB4=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixViscVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wfAB4zW</latexit>

FX(x)
<latexit sha1_base64="DxGTqs8Fr7Wg6XSI6HKhmVco34k=">AAAB73icbZDLSgMxFIZP6q3WW1Vw4yZYhLopMy7UZUEQlxVsO9AOJZNm2tBMZkwyYhn6Em5cKKVbX8edb2N6WWjrD4GP/5xDzvmDRHBtHOcb5dbWNza38tuFnd29/YPi4VFDx6mirE5jESsvIJoJLlndcCOYlyhGokCwZjC4ndabz0xpHstHM0yYH5Ge5CGnxFjLu+tk3qj8ctEplpyKMxNeBXcBpepJMp4AQK1T/Gp3Y5pGTBoqiNYt10mMnxFlOBVsVGinmiWEDkiPtSxKEjHtZ7N9R/jcOl0cxso+afDM/T2RkUjrYRTYzoiYvl6uTc3/aq3UhDd+xmWSGibp/KMwFdjEeHo87nLFqBFDC4QqbnfFtE8UocZGVLAhuMsnr0LjsuJafrBpXMFceTiFMyiDC9dQhXuoQR0oCHiFd/hAT+gNjdFk3ppDi5lj+CP0+QMYn5F8</latexit><latexit sha1_base64="mO9yEoAX1rF1EwfoaE7OzdDBiCE=">AAAB73icbZDLSgMxFIbP1Futt6rgxk2wCHVTZrrQLguCuKxg24F2KJk004ZmMmOSEcvQl3CjoBS3vo470YcxvSy09YfAx3/OIef8fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BQ0WJJLROIh5J18eKciZoXTPNqRtLikOf06Y/uJzUm/dUKhaJWz2MqRfinmABI1gby73qpO6o+HDWyRfskj0VWgZnDoXqUTx+/v6q1Dr5j3Y3IklIhSYcK9Vy7Fh7KZaaEU5HuXaiaIzJAPdoy6DAIVVeOt13hE6N00VBJM0TGk3d3xMpDpUahr7pDLHuq8XaxPyv1kp0UPFSJuJEU0FmHwUJRzpCk+NRl0lKNB8awEQysysifSwx0SainAnBWTx5GRrlkmP4xqRxDjNl4RhOoAgOXEAVrqEGdSDA4RFe4NW6s56ssfU2a81Y85lD+CPr/Qej65Nj</latexit><latexit sha1_base64="mO9yEoAX1rF1EwfoaE7OzdDBiCE=">AAAB73icbZDLSgMxFIbP1Futt6rgxk2wCHVTZrrQLguCuKxg24F2KJk004ZmMmOSEcvQl3CjoBS3vo470YcxvSy09YfAx3/OIef8fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BQ0WJJLROIh5J18eKciZoXTPNqRtLikOf06Y/uJzUm/dUKhaJWz2MqRfinmABI1gby73qpO6o+HDWyRfskj0VWgZnDoXqUTx+/v6q1Dr5j3Y3IklIhSYcK9Vy7Fh7KZaaEU5HuXaiaIzJAPdoy6DAIVVeOt13hE6N00VBJM0TGk3d3xMpDpUahr7pDLHuq8XaxPyv1kp0UPFSJuJEU0FmHwUJRzpCk+NRl0lKNB8awEQysysifSwx0SainAnBWTx5GRrlkmP4xqRxDjNl4RhOoAgOXEAVrqEGdSDA4RFe4NW6s56ssfU2a81Y85lD+CPr/Qej65Nj</latexit><latexit sha1_base64="+ClyisMn1PsMITHbcm/EingcnsI=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2PajHgiAeK9h2oV1KNp22odnsmmTFsvRPePGgiFf/jjf/jWm7B219IfDwzgyZecNEcG1c99tZWV1b39gsbBW3d3b39ksHh00dp4phg8UiVn5INQousWG4EegnCmkUCmyFo+tpvfWISvNY3ptxgkFEB5L3OaPGWv5NN/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGKA0TVOu25yYmyKgynAmcFDupxoSyER1g26KkEeogm+07IafW6ZF+rOyThszc3xMZjbQeR6HtjKgZ6sXa1Pyv1k5N/yrIuExSg5LNP+qngpiYTI8nPa6QGTG2QJnidlfChlRRZmxERRuCt3jyMjTPq57lO7dcu8jjKMAxnEAFPLiEGtxCHRrAQMAzvMKb8+C8OO/Ox7x1xclnjuCPnM8fYFKPeA==</latexit>

1
<latexit sha1_base64="YAudhjtCYbE8HPtGaT0g45GuAOQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qp53ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgBMtI99</latexit><latexit sha1_base64="e+E/m8NJTV5kgzxywCW9kZDykZ8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K18nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AcCRkJM=</latexit><latexit sha1_base64="e+E/m8NJTV5kgzxywCW9kZDykZ8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K18nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AcCRkJM=</latexit><latexit sha1_base64="DjM1kDCZ1TZnIRZO4g/aL7TRWqw=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixVssbVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wd1w4yl</latexit>

0
<latexit sha1_base64="lrupBKN7Q3SaeASwKn+w7Jx7d1I=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qq53ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgBLMI98</latexit><latexit sha1_base64="D9Rx/qmklGzG3ryufTaUdYtZfc8=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7FmpnwMYygrlAEsLs5GwyZnZ2mZkVwpInsNBCsfVBrHwEOx/E3sml0MQfBj7+/xzmnBMkgmvjeV9ObmV1bX0jv+lube/s7hXc/bqOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIhleTvHGPSvNY3ppRgp2I9iUPOaPGWjdet1D0yt5UZBn8ORQv30vfH4/tk2q38NnuxSyNUBomqNYt30tMJ6PKcCZw7LZTjQllQ9rHlkVJI9SdbDromBxbp0fCWNknDZm6vzsyGmk9igJbGVEz0IvZxPwva6UmvOhkXCapQclmH4WpICYmk61JjytkRowsUKa4nZWwAVWUGXsb1x7BX1x5GeqnZd9ysXIGM+XhEI6gBD6cQwWuoQo1YIDwAM/w4tw5T87rrDDnzDsO4I+ctx9GZ49s</latexit><latexit sha1_base64="D9Rx/qmklGzG3ryufTaUdYtZfc8=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7FmpnwMYygrlAEsLs5GwyZnZ2mZkVwpInsNBCsfVBrHwEOx/E3sml0MQfBj7+/xzmnBMkgmvjeV9ObmV1bX0jv+lube/s7hXc/bqOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIhleTvHGPSvNY3ppRgp2I9iUPOaPGWjdet1D0yt5UZBn8ORQv30vfH4/tk2q38NnuxSyNUBomqNYt30tMJ6PKcCZw7LZTjQllQ9rHlkVJI9SdbDromBxbp0fCWNknDZm6vzsyGmk9igJbGVEz0IvZxPwva6UmvOhkXCapQclmH4WpICYmk61JjytkRowsUKa4nZWwAVWUGXsb1x7BX1x5GeqnZd9ysXIGM+XhEI6gBD6cQwWuoQo1YIDwAM/w4tw5T87rrDDnzDsO4I+ctx9GZ49s</latexit><latexit sha1_base64="cn6ZLeGeXVcu2uE/0s7hd+rLTCA=">AAAB5HicbZBNSwMxEIZn/azrV/XqJVgET2XXg3osePFYwX5Au5RsOtvGJtklyQpl6S/w4kHx6m/y5r8xbfegrS8EHt6ZITNvnAlubBB8exubW9s7u5U9f//g8Oi46p+0TZprhi2WilR3Y2pQcIUty63AbqaRylhgJ57czeudZ9SGp+rRTjOMJB0pnnBGrbMegkG1FtSDhcg6hCXUoFRzUP3qD1OWS1SWCWpMLwwyGxVUW84Ezvx+bjCjbEJH2HOoqEQTFYtFZ+TCOUOSpNo9ZcnC/T1RUGnMVMauU1I7Nqu1uflfrZfb5DYquMpyi4otP0pyQWxK5leTIdfIrJg6oExztythY6opsy4b34UQrp68Du2reui41rguw6jAGZzDJYRwAw24hya0gAHCC7zBu/fkvXofy8YNr5w4hT/yPn8AC1GLfg==</latexit>

fX(x) =

⇢
1

b�a si a  x  b
0 sinon

<latexit sha1_base64="rf/NQ7JJu+1px6pGhGBP0VTduHE="></latexit><latexit sha1_base64="rf/NQ7JJu+1px6pGhGBP0VTduHE="></latexit><latexit sha1_base64="rf/NQ7JJu+1px6pGhGBP0VTduHE="></latexit><latexit sha1_base64="rf/NQ7JJu+1px6pGhGBP0VTduHE="></latexit>

FX(x) =

8
<

:

0 si x < a
x�a
b�a si a  x < b
1 si x � b

<latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit><latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit><latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit><latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit>



Méthode de la transformation inverse

1. Générer un nombre pseudo-

aléatoire I. entre 0 et 1

2. Appliquer la fonction de 

répartition inverse pour calculer 

un nombre aléatoire E".

42

Fonction de répartition

x
<latexit sha1_base64="Q7BAkx7B/Or9iOiCF3YDT/mt+VU=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQUoVdC7UzYGOZgLlAEsLs5GwyZnZ2mZkVw5InsLFQxNbnsPAZ7HwQeyeXQhN/GPj4/3OYc44fC66N6345mZXVtfWN7GZua3tndy+/f1DXUaIY1lgkItX0qUbBJdYMNwKbsUIa+gIb/vBqkjfuUGkeyRszirET0r7kAWfUWKt6380X3JI7FVkGbw6Fy/fi9wcAVLr5z3YvYkmI0jBBtW55bmw6KVWGM4HjXDvRGFM2pH1sWZQ0RN1Jp4OOyYl1eiSIlH3SkKn7uyOlodaj0LeVITUDvZhNzP+yVmKCi07KZZwYlGz2UZAIYiIy2Zr0uEJmxMgCZYrbWQkbUEWZsbfJ2SN4iysvQ/205FmuuoXyGcyUhSM4hiJ4cA5luIYK1IABwgM8wbNz6zw6L87rrDTjzHsO4Y+ctx+4UI/E</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="AOqPdBNdCuEqYqxfpC6dD75nJBY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2LdTOgI1lAuYCyRJmJ2eTMbMXZmbFsOQJLLRQxNbnsPIR7HwQeyeXQhN/GPj4/3OYc44XC660bX9ZmaXlldW17HpuY3Nreye/u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vMHlOG/colQ8Cq/1MEY3oL2Q+5xRbazqXSdfsEv2RGQRnBkULt6L3x8P7eNKJ//Z7kYsCTDUTFClWo4dazelUnMmcJRrJwpjyga0hy2DIQ1Quelk0BE5Mk6X+JE0L9Rk4v7uSGmg1DDwTGVAdV/NZ2Pzv6yVaP/cTXkYJxpDNv3ITwTRERlvTbpcItNiaIAyyc2shPWppEyb2+TMEZz5lRehflJyDFftQvkUpsrCARxCERw4gzJcQQVqwADhHp7g2bqxHq0X63VamrFmPfvwR9bbDyw8kNo=</latexit><latexit sha1_base64="qY+jlwgySbJ2a6OI/GoG3zbH90Q=">AAAB6HicbZA9TwJBEIbn8AvxC7W02UhMrMidhViS2FhCIh8JXMjeMgcre3uX3T0jufALbCw0xtafZOe/cYErFHyTTZ68M5OdeYNEcG1c99spbGxube8Ud0t7+weHR+Xjk7aOU8WwxWIRq25ANQousWW4EdhNFNIoENgJJrfzeucRleaxvDfTBP2IjiQPOaPGWs2nQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcdCv16zyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4V+M7A==</latexit>

a
<latexit sha1_base64="YyKFxld9/DBhLjzI1z3wXMUG/U0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qrRbqHolt2pyDJ4cyhevZe+PwCg2i18dnoxSyOUhgmqddtzE+NnVBnOBI7znVRjQtmQ9rFtUdIItZ9NBx2TU+v0SBgr+6QhU/d3R0YjrUdRYCsjagZ6MZuY/2Xt1ISXfsZlkhqUbPZRmApiYjLZmvS4QmbEyAJlittZCRtQRZmxt8nbI3iLKy9D46zsWa65xco5zJSDYziBEnhwARW4gSrUgQHCAzzBs3PnPDovzuusdMWZ9xzBHzlvP5V0j60=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="GZjiUfcTPUqKsFmOo5+VVi8LdkU=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY60K7eTybtGdiCyCN4P85Xvh++OhdVLu5D5b3YglIUrDBNW66bmxaadUGc4EjrKtRGNM2YD2sGlR0hB1O50MOiLH1umSIFL2SUMm7u+OlIZaD0PfVobU9PV8Njb/y5qJCS7aKZdxYlCy6UdBIoiJyHhr0uUKmRFDC5QpbmclrE8VZcbeJmuP4M2vvAi106JnueLmS2cwVQYO4QgK4ME5lOAaylAFBgj38ATPzq3z6Lw4r9PSJWfWcwB/5Lz9AAlgkMM=</latexit><latexit sha1_base64="iLQiBv9KUlHTPivJWbp6G+aXjdc=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixVosOqjW37i5E1sEroAaFmoPqV3+YsCxGaZigWvc8NzVBTpXhTOCs0s80ppRN6Ah7FiWNUQf5YtEZubDOkESJsk8asnB/T+Q01noah7YzpmasV2tz879aLzPRbZBzmWYGJVt+FGWCmITMryZDrpAZMbVAmeJ2V8LGVFFmbDYVG4K3evI6tK/qnuWWW2tcF3GU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QO+g4zV</latexit> b

<latexit sha1_base64="56mTk4S3bk3RiVoqRb4Kv/OMfJg=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qoF3ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgCW+I+u</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1ZLkMWIwLgDEg0hY+Ma48PI2IhQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K38nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AQrkkMQ=</latexit><latexit sha1_base64="1uBnx0rLpkFuzMQbk/J4aeycpB4=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixViscVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wfAB4zW</latexit>

FX(x)
<latexit sha1_base64="DxGTqs8Fr7Wg6XSI6HKhmVco34k=">AAAB73icbZDLSgMxFIZP6q3WW1Vw4yZYhLopMy7UZUEQlxVsO9AOJZNm2tBMZkwyYhn6Em5cKKVbX8edb2N6WWjrD4GP/5xDzvmDRHBtHOcb5dbWNza38tuFnd29/YPi4VFDx6mirE5jESsvIJoJLlndcCOYlyhGokCwZjC4ndabz0xpHstHM0yYH5Ge5CGnxFjLu+tk3qj8ctEplpyKMxNeBXcBpepJMp4AQK1T/Gp3Y5pGTBoqiNYt10mMnxFlOBVsVGinmiWEDkiPtSxKEjHtZ7N9R/jcOl0cxso+afDM/T2RkUjrYRTYzoiYvl6uTc3/aq3UhDd+xmWSGibp/KMwFdjEeHo87nLFqBFDC4QqbnfFtE8UocZGVLAhuMsnr0LjsuJafrBpXMFceTiFMyiDC9dQhXuoQR0oCHiFd/hAT+gNjdFk3ppDi5lj+CP0+QMYn5F8</latexit><latexit sha1_base64="mO9yEoAX1rF1EwfoaE7OzdDBiCE=">AAAB73icbZDLSgMxFIbP1Futt6rgxk2wCHVTZrrQLguCuKxg24F2KJk004ZmMmOSEcvQl3CjoBS3vo470YcxvSy09YfAx3/OIef8fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BQ0WJJLROIh5J18eKciZoXTPNqRtLikOf06Y/uJzUm/dUKhaJWz2MqRfinmABI1gby73qpO6o+HDWyRfskj0VWgZnDoXqUTx+/v6q1Dr5j3Y3IklIhSYcK9Vy7Fh7KZaaEU5HuXaiaIzJAPdoy6DAIVVeOt13hE6N00VBJM0TGk3d3xMpDpUahr7pDLHuq8XaxPyv1kp0UPFSJuJEU0FmHwUJRzpCk+NRl0lKNB8awEQysysifSwx0SainAnBWTx5GRrlkmP4xqRxDjNl4RhOoAgOXEAVrqEGdSDA4RFe4NW6s56ssfU2a81Y85lD+CPr/Qej65Nj</latexit><latexit sha1_base64="mO9yEoAX1rF1EwfoaE7OzdDBiCE=">AAAB73icbZDLSgMxFIbP1Futt6rgxk2wCHVTZrrQLguCuKxg24F2KJk004ZmMmOSEcvQl3CjoBS3vo470YcxvSy09YfAx3/OIef8fsyZ0rb9aWVWVtfWN7Kbua3tnd29/P5BQ0WJJLROIh5J18eKciZoXTPNqRtLikOf06Y/uJzUm/dUKhaJWz2MqRfinmABI1gby73qpO6o+HDWyRfskj0VWgZnDoXqUTx+/v6q1Dr5j3Y3IklIhSYcK9Vy7Fh7KZaaEU5HuXaiaIzJAPdoy6DAIVVeOt13hE6N00VBJM0TGk3d3xMpDpUahr7pDLHuq8XaxPyv1kp0UPFSJuJEU0FmHwUJRzpCk+NRl0lKNB8awEQysysifSwx0SainAnBWTx5GRrlkmP4xqRxDjNl4RhOoAgOXEAVrqEGdSDA4RFe4NW6s56ssfU2a81Y85lD+CPr/Qej65Nj</latexit><latexit sha1_base64="+ClyisMn1PsMITHbcm/EingcnsI=">AAAB73icbZBNSwMxEIZn/az1q+rRS7AI9VJ2PajHgiAeK9h2oV1KNp22odnsmmTFsvRPePGgiFf/jjf/jWm7B219IfDwzgyZecNEcG1c99tZWV1b39gsbBW3d3b39ksHh00dp4phg8UiVn5INQousWG4EegnCmkUCmyFo+tpvfWISvNY3ptxgkFEB5L3OaPGWv5NN/MnlaezbqnsVt2ZyDJ4OZQhV71b+ur0YpZGKA0TVOu25yYmyKgynAmcFDupxoSyER1g26KkEeogm+07IafW6ZF+rOyThszc3xMZjbQeR6HtjKgZ6sXa1Pyv1k5N/yrIuExSg5LNP+qngpiYTI8nPa6QGTG2QJnidlfChlRRZmxERRuCt3jyMjTPq57lO7dcu8jjKMAxnEAFPLiEGtxCHRrAQMAzvMKb8+C8OO/Ox7x1xclnjuCPnM8fYFKPeA==</latexit>

1
<latexit sha1_base64="YAudhjtCYbE8HPtGaT0g45GuAOQ=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qp53ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgBMtI99</latexit><latexit sha1_base64="e+E/m8NJTV5kgzxywCW9kZDykZ8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K18nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AcCRkJM=</latexit><latexit sha1_base64="e+E/m8NJTV5kgzxywCW9kZDykZ8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuhdoZsLFMwFwgCWF2cjYZMzu7zMwKYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw/Flwb1/1ylpZXVtfWMxvZza3tnd3c3n5NR4liWGWRiFTDpxoFl1g13AhsxApp6Aus+4OrcV6/Q6V5JG/MMMZ2SHuSB5xRY62K18nl3aI7EVkEbwb5y/fC98dD66TcyX22uhFLQpSGCap103Nj006pMpwJHGVbicaYsgHtYdOipCHqdjoZdESOrdMlQaTsk4ZM3N8dKQ21Hoa+rQyp6ev5bGz+lzUTE1y0Uy7jxKBk04+CRBATkfHWpMsVMiOGFihT3M5KWJ8qyoy9TdYewZtfeRFqp0XPcsXNl85gqgwcwhEUwINzKME1lKEKDBDu4QmenVvn0XlxXqelS86s5wD+yHn7AcCRkJM=</latexit><latexit sha1_base64="DjM1kDCZ1TZnIRZO4g/aL7TRWqw=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtB/VI4sUjJBZIoCHbZQor222zuzUhDb/AiweN8epP8ua/cYEeFHyTTZ68M5OdecNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsXQZ4lIVDekGgWX6BtuBHZThTQOBXbCyd283nlCpXkiH8w0xSCmI8kjzqixVssbVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+CPn8wd1w4yl</latexit>

0
<latexit sha1_base64="lrupBKN7Q3SaeASwKn+w7Jx7d1I=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCqrBroXYGbCwTMBdIljA7OZuMmZ1dZmaFsOQJbCwUsfU5LHwGOx/E3sml0MQfBj7+/xzmnBMkgmvjul/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg9yZv3qDSP5a0ZJehHtC95yBk11qq53ULRLbtTkWXw5lC8ei99fwBAtVv47PRilkYoDRNU67bnJsbPqDKcCRznO6nGhLIh7WPboqQRaj+bDjomp9bpkTBW9klDpu7vjoxGWo+iwFZG1Az0YjYx/8vaqQkv/YzLJDUo2eyjMBXExGSyNelxhcyIkQXKFLezEjagijJjb5O3R/AWV16GxlnZs1xzi5VzmCkHx3ACJfDgAipwA1WoAwOEB3iCZ+fOeXRenNdZ6Yoz7zmCP3LefgBLMI98</latexit><latexit sha1_base64="D9Rx/qmklGzG3ryufTaUdYtZfc8=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7FmpnwMYygrlAEsLs5GwyZnZ2mZkVwpInsNBCsfVBrHwEOx/E3sml0MQfBj7+/xzmnBMkgmvjeV9ObmV1bX0jv+lube/s7hXc/bqOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIhleTvHGPSvNY3ppRgp2I9iUPOaPGWjdet1D0yt5UZBn8ORQv30vfH4/tk2q38NnuxSyNUBomqNYt30tMJ6PKcCZw7LZTjQllQ9rHlkVJI9SdbDromBxbp0fCWNknDZm6vzsyGmk9igJbGVEz0IvZxPwva6UmvOhkXCapQclmH4WpICYmk61JjytkRowsUKa4nZWwAVWUGXsb1x7BX1x5GeqnZd9ysXIGM+XhEI6gBD6cQwWuoQo1YIDwAM/w4tw5T87rrDDnzDsO4I+ctx9GZ49s</latexit><latexit sha1_base64="D9Rx/qmklGzG3ryufTaUdYtZfc8=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7FmpnwMYygrlAEsLs5GwyZnZ2mZkVwpInsNBCsfVBrHwEOx/E3sml0MQfBj7+/xzmnBMkgmvjeV9ObmV1bX0jv+lube/s7hXc/bqOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIhleTvHGPSvNY3ppRgp2I9iUPOaPGWjdet1D0yt5UZBn8ORQv30vfH4/tk2q38NnuxSyNUBomqNYt30tMJ6PKcCZw7LZTjQllQ9rHlkVJI9SdbDromBxbp0fCWNknDZm6vzsyGmk9igJbGVEz0IvZxPwva6UmvOhkXCapQclmH4WpICYmk61JjytkRowsUKa4nZWwAVWUGXsb1x7BX1x5GeqnZd9ysXIGM+XhEI6gBD6cQwWuoQo1YIDwAM/w4tw5T87rrDDnzDsO4I+ctx9GZ49s</latexit><latexit sha1_base64="cn6ZLeGeXVcu2uE/0s7hd+rLTCA=">AAAB5HicbZBNSwMxEIZn/azrV/XqJVgET2XXg3osePFYwX5Au5RsOtvGJtklyQpl6S/w4kHx6m/y5r8xbfegrS8EHt6ZITNvnAlubBB8exubW9s7u5U9f//g8Oi46p+0TZprhi2WilR3Y2pQcIUty63AbqaRylhgJ57czeudZ9SGp+rRTjOMJB0pnnBGrbMegkG1FtSDhcg6hCXUoFRzUP3qD1OWS1SWCWpMLwwyGxVUW84Ezvx+bjCjbEJH2HOoqEQTFYtFZ+TCOUOSpNo9ZcnC/T1RUGnMVMauU1I7Nqu1uflfrZfb5DYquMpyi4otP0pyQWxK5leTIdfIrJg6oExztythY6opsy4b34UQrp68Du2reui41rguw6jAGZzDJYRwAw24hya0gAHCC7zBu/fkvXofy8YNr5w4hT/yPn8AC1GLfg==</latexit>

FX(x) =

8
<

:

0 si x < a
x�a
b�a si a  x < b
1 si x � b

<latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit><latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit><latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit><latexit sha1_base64="hpnxtz2nB/8D7d4RTDiYF8FDBj0="></latexit>

E".

I.

I. E".

I. =
E". − J
K − J

E". = I. K − J + J



Exemple 1 – génération de nombres aléatoires

Considérons que le chargement linéique sur poutre en bois suit une loi 

uniforme dans l’intervalle [18 kN/m, 22kN/m]

Q1 : Générer 4 valeurs aléatoires de charge en considérant les nombres 

pseudo-aléatoires suivants :

43

F I.
1 0.69847

2 0.83147

3 0.10835

4 0.01191

E".
21.04

21.92

17.54

15.48

E". = I. K − J + J



Evaluation d’Y et extraction de l’information 
statistique

+ Pour chaque simulation est possible évaluer la fonction A

EG. = !(E"", E"%, … E"-)

+ Les valeurs de A peuvent s’utiliser pour :

> Estimer un histogramme d’A

> Calculer la moyenne et l’écart-type d’A

> Déterminer la loi de distribution d’A

44



Exemple – Moment dans l’appui

Considérons une poutre console de 2 m de longueur  

soumise aux charges W et P qui sont modélisées par 

des variables aléatoires normales avec les paramètres : 

-/ = 20 kN/m, 1/ = 4 kN/m, -0 = 30 kN, 1/ = 3.5 kN.  

Q1 : Estimer les valeurs exactes de la moyenne et 

l’écart-type du moment dans l’appui

Q2 : Estimer avec la méthode de Monte Carlo, la 

moyenne et l’écart-type du moment dans l’appui 

45

1= 2 m

2

A C

3



Exemple – Moment dans l’appui

Q1 : Estimer les valeurs exactes de la moyenne et l’écart-type du moment 

dans l’appui

+ Le moment dans l’appui est : N =
4!
%O + P&

+ Comme la combinaison de variables aléatoires est linéaire (G = R–S) :

> -5 =
4!
% -/ + P-6 = 100 kN m

> 15 =
4!
% 1/

%
+ P16 % = 10.63 kN m
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Exemple – Moment dans l’appui

Q2 : Estimer avec la méthode de Monte Carlo, la moyenne et l’écart-type du 

moment dans l’appui 

+ Simulation de N valeurs pour W et P

47



Exemple – Moment dans l’appui

Q2 : Estimer avec la méthode de Monte Carlo, la moyenne et l’écart-type du 

moment dans l’appui 

+ Estimation de N valeurs pour N =
4!
%O + P&
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D -5 (kN m) 15 (kN m)

100 99.567 9.769

1 000 100.614 10.421

10 000 99.931 10.575

100 000 100.039 10.630

1 000 000 99.990 10.615

-5 =
4!
% -/ + P-6 = 100 kN m

15 =
4!
% 1/

%
+ P16 % = 10.63 kN m
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Python

#Appel des librairies
import matplotlib.pyplot as plt
import numpy as np
from scipy.stats import norm
#Variables d'entrée
m_X1=20
m_X2=30
s_X1=4
s_X2=3.5
l=2

#  Solutions analytiques
m_ana=l**2/2*m_X1+l*m_X2
s_ana=np.sqrt((l**2/2*s_X1)**2+(l*s_X2)**2)
print('moyenne théorique=',m_ana)
print('Ecart type théorique=',s_ana)
# Monte carlo
N=1000000 # simulations
# Graine pour la génération des variables
np.random.seed(19680801)
# Génération des variables
X1=np.random.normal(m_X1,s_X1,N)
X2=np.random.normal(m_X2,s_X2,N)
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Python

# Estimation du Moment
G=l**2/2*X1+l*X2
# Calcul de l'écart-type et moyenne de G
m_G=np.mean(G)
s_G=np.std(G)
print('Simulations=',N)
print('Moyenne=',m_G)
print('Ecart-type=',s_G)

# Tracer histogramme avec 50 classes
plt.hist(X1, 50, density=True, 
facecolor='g',edgecolor='k', 
alpha=0.5,label='$W$')
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Fiabilité avec la méthode de Monte-Carlo

+ La méthode de Monte Carlo se base sur 
la « loi des grandes nombres » et 
permet de déterminer l’espérance I 
d’une fonction donné g(X, t)

où :

D = domaine d’intégration

1D(X(i)) =fonction caractéristique de D qui 
est égale à 1 si g(X(i), t) ≤ 0 ou 0 sinon

N = nombre de simulations
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g(X) < 0
<latexit sha1_base64="iaqxd4NOLbqRFAu5bN88yoo4XG0=">AAAB93icbZDLSgMxFIbP1Futl1bFlZtgEeqmzAiiCxcFNy4r2Fpoh5rJZNrQTDIkGWEY+gK+ggs3Km59FJe+jelloa0/BD7+cw7n5A8SzrRx3W+nsLK6tr5R3Cxtbe/slit7+20tU0Voi0guVSfAmnImaMsww2knURTHAaf3weh6Ur9/pEozKe5MllA/xgPBIkawsVa/Uh7UeoHkYd4Zn6Ir5PYrVbfuToWWwZtDtXE4enoAgGa/8tULJUljKgzhWOuu5ybGz7EyjHA6LvVSTRNMRnhAuxYFjqn28+nhY3RinRBFUtknDJq6vydyHGudxYHtjLEZ6sXaxPyv1k1NdOnnTCSpoYLMFkUpR0aiSQooZIoSwzMLmChmb0VkiBUmxmZlM/AWf7wM7bO6Z/nWhnEOMxXhCI6hBh5cQANuoAktIJDCM7zCm5M5L8678zFrLTjzmQP4I+fzB6ATk3s=</latexit><latexit sha1_base64="E9RnKDc91S1JvNmlH+SvCeekXvg=">AAAB93icbZDLSsNAFIZPvNZ6aVRcuRmsQt2URBBduCi4cVnBXqAJZTKZtEMnkzAzEUroC/gKLtyouBV8EZc+gO/h9LLQ1h8GPv5zDufMH6ScKe04X9bS8srq2npho7i5tb1Tsnf3mirJJKENkvBEtgOsKGeCNjTTnLZTSXEccNoKBtfjeuueSsUScaeHKfVj3BMsYgRrY3XtUq/iBQkP8/boFF0hp2uXnaozEVoEdwbl2sHgwfv+OK537U8vTEgWU6EJx0p1XCfVfo6lZoTTUdHLFE0xGeAe7RgUOKbKzyeHj9CJcUIUJdI8odHE/T2R41ipYRyYzhjrvpqvjc3/ap1MR5d+zkSaaSrIdFGUcaQTNE4BhUxSovnQACaSmVsR6WOJiTZZmQzc+R8vQvOs6hq+NWGcw1QFOIQjqIALF1CDG6hDAwhk8AjP8GINrSfr1Xqbti5Zs5l9+CPr/QfsV5U0</latexit><latexit sha1_base64="E9RnKDc91S1JvNmlH+SvCeekXvg=">AAAB93icbZDLSsNAFIZPvNZ6aVRcuRmsQt2URBBduCi4cVnBXqAJZTKZtEMnkzAzEUroC/gKLtyouBV8EZc+gO/h9LLQ1h8GPv5zDufMH6ScKe04X9bS8srq2npho7i5tb1Tsnf3mirJJKENkvBEtgOsKGeCNjTTnLZTSXEccNoKBtfjeuueSsUScaeHKfVj3BMsYgRrY3XtUq/iBQkP8/boFF0hp2uXnaozEVoEdwbl2sHgwfv+OK537U8vTEgWU6EJx0p1XCfVfo6lZoTTUdHLFE0xGeAe7RgUOKbKzyeHj9CJcUIUJdI8odHE/T2R41ipYRyYzhjrvpqvjc3/ap1MR5d+zkSaaSrIdFGUcaQTNE4BhUxSovnQACaSmVsR6WOJiTZZmQzc+R8vQvOs6hq+NWGcw1QFOIQjqIALF1CDG6hDAwhk8AjP8GINrSfr1Xqbti5Zs5l9+CPr/QfsV5U0</latexit><latexit sha1_base64="svYCdvv0v4yW5sPjO8VTNhIKIms=">AAAB93icbZDLSgMxFIbP1Futl466dBMsQt2UGUF04aLgxmUFe4F2KJlMpg3NJEOSEcrQJ3HhRsWtj+LStzFtZ6GtPwQ+/nMO5+QPU8608bxvp7SxubW9U96t7O0fHFbdo+OOlpkitE0kl6oXYk05E7RtmOG0lyqKk5DTbji5m9e7T1RpJsWjmaY0SPBIsJgRbKw1dKuj+iCUPMp7swt0i7yhW/Ma3kJoHfwCalCoNXS/BpEkWUKFIRxr3fe91AQ5VoYRTmeVQaZpiskEj2jfosAJ1UG+OHyGzq0ToVgq+4RBC/f3RI4TradJaDsTbMZ6tTY3/6v1MxPfBDkTaWaoIMtFccaRkWieAoqYosTwqQVMFLO3IjLGChNjs7IZ+Ks/XofOZcO3/ODVmldFGmU4hTOogw/X0IR7aEEbCGTwDK/w5kydF+fd+Vi2lpxi5gT+yPn8AWKQkdE=</latexit>

g(X) = 0
<latexit sha1_base64="YEsElfzxSLIBIrkvG/V8aNoGoFU=">AAAB93icbZDLSgMxFIbP1Futl1bFlZtgEeqmzAiiG6HgxmUFWwvtUDOZTBuaSYYkIwxDX8BXcOFGxa2P4tK3Mb0stPWHwMd/zuGc/EHCmTau++0UVlbX1jeKm6Wt7Z3dcmVvv61lqghtEcml6gRYU84EbRlmOO0kiuI44PQ+GF1P6vePVGkmxZ3JEurHeCBYxAg21upXyoNaL5A8zDvjU3SF3H6l6tbdqdAyeHOoNg5HTw8A0OxXvnqhJGlMhSEca9313MT4OVaGEU7HpV6qaYLJCA9o16LAMdV+Pj18jE6sE6JIKvuEQVP390SOY62zOLCdMTZDvVibmP/VuqmJLv2ciSQ1VJDZoijlyEg0SQGFTFFieGYBE8XsrYgMscLE2KxsBt7ij5ehfVb3LN/aMM5hpiIcwTHUwIMLaMANNKEFBFJ4hld4czLnxXl3PmatBWc+cwB/5Hz+AKGYk3w=</latexit><latexit sha1_base64="AJbILIKfKi7E6Ps3QI7PlmQxlxA=">AAAB93icbZDLSsNAFIZPvNZ6aVRcuRmsQt2URBDdCAU3LivYCzShTCaTduhkEmYmQgl9AV/BhRsVt4Iv4tIH8D2cXhba+sPAx3/O4Zz5g5QzpR3ny1paXlldWy9sFDe3tndK9u5eUyWZJLRBEp7IdoAV5UzQhmaa03YqKY4DTlvB4Hpcb91TqVgi7vQwpX6Me4JFjGBtrK5d6lW8IOFh3h6doivkdO2yU3UmQovgzqBcOxg8eN8fx/Wu/emFCcliKjThWKmO66Taz7HUjHA6KnqZoikmA9yjHYMCx1T5+eTwEToxToiiRJonNJq4vydyHCs1jAPTGWPdV/O1sflfrZPp6NLPmUgzTQWZLooyjnSCximgkElKNB8awEQycysifSwx0SYrk4E7/+NFaJ5VXcO3JoxzmKoAh3AEFXDhAmpwA3VoAIEMHuEZXqyh9WS9Wm/T1iVrNrMPf2S9/wDt3JU1</latexit><latexit sha1_base64="AJbILIKfKi7E6Ps3QI7PlmQxlxA=">AAAB93icbZDLSsNAFIZPvNZ6aVRcuRmsQt2URBDdCAU3LivYCzShTCaTduhkEmYmQgl9AV/BhRsVt4Iv4tIH8D2cXhba+sPAx3/O4Zz5g5QzpR3ny1paXlldWy9sFDe3tndK9u5eUyWZJLRBEp7IdoAV5UzQhmaa03YqKY4DTlvB4Hpcb91TqVgi7vQwpX6Me4JFjGBtrK5d6lW8IOFh3h6doivkdO2yU3UmQovgzqBcOxg8eN8fx/Wu/emFCcliKjThWKmO66Taz7HUjHA6KnqZoikmA9yjHYMCx1T5+eTwEToxToiiRJonNJq4vydyHCs1jAPTGWPdV/O1sflfrZPp6NLPmUgzTQWZLooyjnSCximgkElKNB8awEQycysifSwx0SYrk4E7/+NFaJ5VXcO3JoxzmKoAh3AEFXDhAmpwA3VoAIEMHuEZXqyh9WS9Wm/T1iVrNrMPf2S9/wDt3JU1</latexit><latexit sha1_base64="rgaiGYOcvBZx9DHzOICrnQYyFM8=">AAAB93icbZDLSgMxFIbP1Futl466dBMsQt2UGUF0IxTcuKxgL9AOJZPJtKGZZEgyQhn6JC7cqLj1UVz6NqbtLLT1h8DHf87hnPxhypk2nvftlDY2t7Z3yruVvf2Dw6p7dNzRMlOEtonkUvVCrClngrYNM5z2UkVxEnLaDSd383r3iSrNpHg005QGCR4JFjOCjbWGbnVUH4SSR3lvdoFukTd0a17DWwitg19ADQq1hu7XIJIkS6gwhGOt+76XmiDHyjDC6awyyDRNMZngEe1bFDihOsgXh8/QuXUiFEtlnzBo4f6eyHGi9TQJbWeCzViv1ubmf7V+ZuKbIGcizQwVZLkozjgyEs1TQBFTlBg+tYCJYvZWRMZYYWJsVjYDf/XH69C5bPiWH7xa86pIowyncAZ18OEamnAPLWgDgQye4RXenKnz4rw7H8vWklPMnMAfOZ8/ZBWR0g==</latexit>

g(X) > 0
<latexit sha1_base64="d5IpGtBx75jBlBdDWe7iUv/PDlc=">AAAB93icbZDLSgMxFIbP1Futl1bFlZtgEeqmzAiiKym4cVnB1kI71Ewm04ZmkiHJCMPQF/AVXLhRceujuPRtTC8Lbf0h8PGfczgnf5Bwpo3rfjuFldW19Y3iZmlre2e3XNnbb2uZKkJbRHKpOgHWlDNBW4YZTjuJojgOOL0PRteT+v0jVZpJcWeyhPoxHggWMYKNtfqV8qDWCyQP8874FF0ht1+punV3KrQM3hyqjcPR0wMANPuVr14oSRpTYQjHWnc9NzF+jpVhhNNxqZdqmmAywgPatShwTLWfTw8foxPrhCiSyj5h0NT9PZHjWOssDmxnjM1QL9Ym5n+1bmqiSz9nIkkNFWS2KEo5MhJNUkAhU5QYnlnARDF7KyJDrDAxNiubgbf442Von9U9y7c2jHOYqQhHcAw18OACGnADTWgBgRSe4RXenMx5cd6dj1lrwZnPHMAfOZ8/ox2TfQ==</latexit><latexit sha1_base64="4N917iZ6ZXxFo8+22a8XGnXNMds=">AAAB93icbZDLSsNAFIZPvNZ6aVRcuRmsQt2URBBdScGNywr2Ak0ok8mkHTqZhJmJUEJfwFdw4UbFreCLuPQBfA+nl4W2/jDw8Z9zOGf+IOVMacf5spaWV1bX1gsbxc2t7Z2SvbvXVEkmCW2QhCeyHWBFORO0oZnmtJ1KiuOA01YwuB7XW/dUKpaIOz1MqR/jnmARI1gbq2uXehUvSHiYt0en6Ao5XbvsVJ2J0CK4MyjXDgYP3vfHcb1rf3phQrKYCk04VqrjOqn2cyw1I5yOil6maIrJAPdox6DAMVV+Pjl8hE6ME6IokeYJjSbu74kcx0oN48B0xlj31XxtbP5X62Q6uvRzJtJMU0Gmi6KMI52gcQooZJISzYcGMJHM3IpIH0tMtMnKZODO/3gRmmdV1/CtCeMcpirAIRxBBVy4gBrcQB0aQCCDR3iGF2toPVmv1tu0dcmazezDH1nvP+9hlTY=</latexit><latexit sha1_base64="4N917iZ6ZXxFo8+22a8XGnXNMds=">AAAB93icbZDLSsNAFIZPvNZ6aVRcuRmsQt2URBBdScGNywr2Ak0ok8mkHTqZhJmJUEJfwFdw4UbFreCLuPQBfA+nl4W2/jDw8Z9zOGf+IOVMacf5spaWV1bX1gsbxc2t7Z2SvbvXVEkmCW2QhCeyHWBFORO0oZnmtJ1KiuOA01YwuB7XW/dUKpaIOz1MqR/jnmARI1gbq2uXehUvSHiYt0en6Ao5XbvsVJ2J0CK4MyjXDgYP3vfHcb1rf3phQrKYCk04VqrjOqn2cyw1I5yOil6maIrJAPdox6DAMVV+Pjl8hE6ME6IokeYJjSbu74kcx0oN48B0xlj31XxtbP5X62Q6uvRzJtJMU0Gmi6KMI52gcQooZJISzYcGMJHM3IpIH0tMtMnKZODO/3gRmmdV1/CtCeMcpirAIRxBBVy4gBrcQB0aQCCDR3iGF2toPVmv1tu0dcmazezDH1nvP+9hlTY=</latexit><latexit sha1_base64="rm8rJhBXodKKW4hmKxHQRhU8ONU=">AAAB93icbZDLSgMxFIbP1Futl466dBMsQt2UGUF0JQU3LivYC7RDyWQybWgmGZKMUIY+iQs3Km59FJe+jWk7C239IfDxn3M4J3+YcqaN5307pY3Nre2d8m5lb//gsOoeHXe0zBShbSK5VL0Qa8qZoG3DDKe9VFGchJx2w8ndvN59okozKR7NNKVBgkeCxYxgY62hWx3VB6HkUd6bXaBb5A3dmtfwFkLr4BdQg0Ktofs1iCTJEioM4Vjrvu+lJsixMoxwOqsMMk1TTCZ4RPsWBU6oDvLF4TN0bp0IxVLZJwxauL8ncpxoPU1C25lgM9artbn5X62fmfgmyJlIM0MFWS6KM46MRPMUUMQUJYZPLWCimL0VkTFWmBiblc3AX/3xOnQuG77lB6/WvCrSKMMpnEEdfLiGJtxDC9pAIINneIU3Z+q8OO/Ox7K15BQzJ/BHzucPZZqR0w==</latexit>

x1
<latexit sha1_base64="ZrITNguNhf7z0TFqfVCCBl5T3M4=">AAAB6XicbZDLSsNAFIZP6q3GW9Wlm8EidFUSQXRZcOOyor1AG8pkOmmHTiZh5kQsoeALuHCj4tYncunbOL0stPWHgY//nMOc84epFAY979sprK1vbG4Vt92d3b39g9LhUdMkmWa8wRKZ6HZIDZdC8QYKlLydak7jUPJWOLqe1lsPXBuRqHscpzyI6UCJSDCK1rp77Pm9UtmrejORVfAXUK65buUJAOq90le3n7As5gqZpMZ0fC/FIKcaBZN84nYzw1PKRnTAOxYVjbkJ8tmqE3JmnT6JEm2fQjJzf0/kNDZmHIe2M6Y4NMu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6d2kLzRnKMcWKNPC7krYkGrK0KZjM/CXL16F5nnVt3xrw7iAuYpwAqdQAR8uoQY3UIcGMBjAM7zCmzNyXpx352PeWnAWM8fwR87nD9Yfjns=</latexit><latexit sha1_base64="LPITrodH2HWNfFeC3+bU3+PPIPM=">AAAB6XicbZDLSgMxFIbPeK31VnXpJljErsqMILosuHElFe0F2qFk0kwbmskMyRm1DH0EF25U3PpELn0Jn8H0stDWHwIf/zmHnPMHiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgclxv3HNtRKzucJhwP6I9JULBKFrr9rHjdQpFt+xORBbBm0Gxks+XHr6vT6qdwme7G7M04gqZpMa0PDdBP6MaBZN8lG+nhieUDWiPtywqGnHjZ5NVR+TYOl0Sxto+hWTi/p7IaGTMMApsZ0Sxb+ZrY/O/WivF8MLPhEpS5IpNPwpTSTAm47tJV2jOUA4tUKaF3ZWwPtWUoU3HZuDNX7wI9dOyZ/nGhnEGU+XgEI6gBB6cQwWuoAo1YNCDJ3iBV2fgPDtvzvu0dcmZzRzAHzkfP6PUj9U=</latexit><latexit sha1_base64="LPITrodH2HWNfFeC3+bU3+PPIPM=">AAAB6XicbZDLSgMxFIbPeK31VnXpJljErsqMILosuHElFe0F2qFk0kwbmskMyRm1DH0EF25U3PpELn0Jn8H0stDWHwIf/zmHnPMHiRQGXffLWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgclxv3HNtRKzucJhwP6I9JULBKFrr9rHjdQpFt+xORBbBm0Gxks+XHr6vT6qdwme7G7M04gqZpMa0PDdBP6MaBZN8lG+nhieUDWiPtywqGnHjZ5NVR+TYOl0Sxto+hWTi/p7IaGTMMApsZ0Sxb+ZrY/O/WivF8MLPhEpS5IpNPwpTSTAm47tJV2jOUA4tUKaF3ZWwPtWUoU3HZuDNX7wI9dOyZ/nGhnEGU+XgEI6gBB6cQwWuoAo1YNCDJ3iBV2fgPDtvzvu0dcmZzRzAHzkfP6PUj9U=</latexit><latexit sha1_base64="o/DZH1ShrdX5t3ylM8+l99nADEI=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSQfRY8OKxomkLbSib7aRdutmE3Y1YQn+CBy8qXv1FHv03btsctPWFhYd3ZtiZN0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08aukkUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38zq7UdUmifywUxSDGI6lDzijBpr3T/1vX615tbducgqeAXUoFCzX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYteipDHqIJ+vOiVn1hmQKFH2SUPm7u+JnMZaT+LQdsbUjPRybWb+V+tmJroOci7TzKBki4+iTBCTkNndZMAVMiMmFihT3O5K2IgqyoxNx2bgLV+8Cq2Lumf5zq01Los0ynACp3AOHlxBA26hCT4wGMIzvMKbM3ZenHfnY9FacoqZY/gj5/MHgxKNfw==</latexit>

x2
<latexit sha1_base64="tYWsofmpLx9SgyrJnxtN7TjFXOU=">AAAB6XicbZDLSsNAFIZPvNZ4q7p0M1iErkpSEF0W3LisaC/QhjKZnrRDJ5MwMxFLKPgCLtyouPWJXPo2Ti8Lbf1h4OM/5zDn/GEquDae9+2srW9sbm0Xdtzdvf2Dw+LRcVMnmWLYYIlIVDukGgWX2DDcCGynCmkcCmyFo+tpvfWASvNE3ptxikFMB5JHnFFjrbvHXrVXLHkVbyayCv4CSjXXLT8BQL1X/Or2E5bFKA0TVOuO76UmyKkynAmcuN1MY0rZiA6wY1HSGHWQz1adkHPr9EmUKPukITP390ROY63HcWg7Y2qGerk2Nf+rdTITXQU5l2lmULL5R1EmiEnI9G7S5wqZEWMLlCludyVsSBVlxqZjM/CXL16FZrXiW761YVzAXAU4hTMogw+XUIMbqEMDGAzgGV7hzRk5L8678zFvXXMWMyfwR87nD9eijnw=</latexit><latexit sha1_base64="Frto78RglTygmDDs8cdeLzHgCjo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJF7KrMFESXBTeupKK9QDuUTJppQzPJkGTUMvQRXLhRcesTufQlfAbTy0Jbfwh8/Occcs4fJpxp43lfTm5ldW19I7/pbm3v7O4V9g8aWqaK0DqRXKpWiDXlTNC6YYbTVqIojkNOm+HwclJv3lOlmRR3ZpTQIMZ9wSJGsLHW7WO30i0UvbI3FVoGfw7FquuWHr6vT2vdwmenJ0kaU2EIx1q3fS8xQYaVYYTTsdtJNU0wGeI+bVsUOKY6yKarjtGJdXookso+YdDU/T2R4VjrURzazhibgV6sTcz/au3URBdBxkSSGirI7KMo5chINLkb9ZiixPCRBUwUs7siMsAKE2PTsRn4ixcvQ6NS9i3f2DDOYKY8HMExlMCHc6jCFdSgDgT68AQv8OoMnWfnzXmfteac+cwh/JHz8QOlV4/W</latexit><latexit sha1_base64="Frto78RglTygmDDs8cdeLzHgCjo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJF7KrMFESXBTeupKK9QDuUTJppQzPJkGTUMvQRXLhRcesTufQlfAbTy0Jbfwh8/Occcs4fJpxp43lfTm5ldW19I7/pbm3v7O4V9g8aWqaK0DqRXKpWiDXlTNC6YYbTVqIojkNOm+HwclJv3lOlmRR3ZpTQIMZ9wSJGsLHW7WO30i0UvbI3FVoGfw7FquuWHr6vT2vdwmenJ0kaU2EIx1q3fS8xQYaVYYTTsdtJNU0wGeI+bVsUOKY6yKarjtGJdXookso+YdDU/T2R4VjrURzazhibgV6sTcz/au3URBdBxkSSGirI7KMo5chINLkb9ZiixPCRBUwUs7siMsAKE2PTsRn4ixcvQ6NS9i3f2DDOYKY8HMExlMCHc6jCFdSgDgT68AQv8OoMnWfnzXmfteac+cwh/JHz8QOlV4/W</latexit><latexit sha1_base64="BUEA5qb0nlBWrcX8qOyis1CwVQk=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FSSgtRjwYvHivYD2lA22027dLMJuxOxhP4ED15UvPqLPPpv3LY5aOsLCw/vzLAzb5BIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJjfzeueRayNi9YDThPsRHSkRCkbRWvdPg9qgXHGr7kJkHbwcKpCrOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPoqIRN362WHVGLqwzJGGs7VNIFu7viYxGxkyjwHZGFMdmtTY3/6v1Ugyv/UyoJEWu2PKjMJUEYzK/mwyF5gzl1AJlWthdCRtTTRnadGwG3urF69CuVT3Ld26lcZWnUYQzOIdL8KAODbiFJrSAwQie4RXenInz4rw7H8vWgpPPnMIfOZ8/hJWNgA==</latexit>
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Exemple – poutre en acier

+ Considérons une poutre soumise à un moment fléchissant déterministe 

Ma = 130 kNm. La limite d'élasticité Fy et le module plastique Zp de la 

poutre sont considérés comme des variables aléatoires non corrélées 

suivant des lois normales avec les paramètres suivants :

Q1 : Estimer les indices de fiabilité avec des simulations de Monte Carlo
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µFy

= 250 MPa, σFy = 25 MPa   
µZp

= 9×10−4  m3, σZp = 4.5×10−5  m3



Exemple – poutre en acier

Q1 : Estimer les indices de fiabilité avec des simulations de Monte Carlo

+ Fonction d’état limite (Formulation en fonction du moment) :

R S = N7 −N8
Avec :

N7 = %9T6 et N: = 130UD.V

R S = %9T; −N:
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Exemple – poutre en acier

Q1 : Estimer les indices de fiabilité avec des simulations de Monte Carlo
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Exemple – poutre en acier

Q1 : Estimer les indices de fiabilité avec des simulations de Monte Carlo
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Python

#Appel des librairies
import matplotlib.pyplot as plt
import numpy as np
from scipy.stats import norm
# taille de la police des figures
plt.rcParams.update({'font.size':14})
#Variables d'entrée
Ma=130/1000 # MN m
mu_Fy=250 #MPa
si_Fy=25 #MPa
mu_Zp=9E-04 #m3
si_Zp=4.5E-05 #m3
N=100000
# Fixer la graine pour avoir les mêmes résultats
np.random.seed(19680801)

# Génération de N variables aléatoires 
Fy=np.random.normal(mu_Fy,si_Fy,N)
Zp=np.random.normal(mu_Zp,si_Zp,N)
# Evaluation de la fonction d’état limite
GG=Fy*Zp-Ma
# Recherche de valeurs négatives pour estimer la 
probabilité de défaillance
aa=np.where(GG<0)
# Calcul de la probabilité de défaillance
pf=np.size(aa)/N
# Calcul de l'indice de fiabilité
beta=-norm.ppf(pf)
betapt=round(beta,2)
print(pf,beta)
# Fonction d'état limite pour la figure
def Zpp(Fy):

return Ma/(Fy)
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Python

# tracer l'histogramme avec 50 classes
plt.hist(GG, 50, density=True, 
facecolor='g',edgecolor='k', alpha=0.5)
plt.xlabel('g(X)')
plt.ylabel('Probability')
plt.text(0.15, 10, '$P_f$={}'.format(pf))
plt.text(0.15, 11, r'$\beta$={}'.format(betapt))
plt.text(0.15, 12, 'N={}'.format(N))
plt.savefig('Hist_Monte_Carlo_beam.pdf', 
bbox_inches='tight')
plt.show()
# Création de la fig 1
fig1, ax = plt.subplots()
# Valeurs x
xf=np.linspace(90,400,1000)
# Valeurs y
y=Zpp(xf)

# Tracer Chaque courbe
ax.plot(Fy,Zp,marker=".",markersize=1,label="Simulation",ls="",c="b")
ax.plot(mu_Fy,mu_Zp,marker="o",label="Moyenne",ls="",c="r")
ax.plot(xf,y,label="g(X)=0")
# Titres des axes
ax.set_xlabel('$F_y$ [MPa]')
ax.set_ylabel('$Z_p$ [m$^3$]')
plt.text(100, 4E-04, '$P_f$={}'.format(pf))
plt.text(100, 5E-04, r'$\beta$={}'.format(betapt))
plt.text(100, 6E-04, 'N={}'.format(N))
ax.grid()
ax.legend(loc='best')
plt.savefig('Monte_Carlo_beam.pdf', bbox_inches='tight')
plt.show()



Conclusions

+ Monte-Carlo : moyen le plus robuste pour le calcul de Pf, elles peuvent 

être considérées comme le résultat de référence.

+ Monte Carlo : très coûteuse en temps de calcul, mais des méthodes de 

simulation plus avancées sont aussi disponibles (Subset, MCMC, etc.).

+ Méta modèles : Chaos Polynomial, Krigeage, réseaux bayésiens, …

+ Méthodes de simulation : seul recours lorsque on ne peut pas faire 

autrement.
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Exemple : mise à jour de la fiabilité à 
partir de données mesurées



Problématique

+ Travail mené dans le cadre du projet ANR JCJC CLIMBOIS (2013-17)

+ Objectif : proposer une méthodologie pour la mise à jour de la fiabilité 

d’une poutrelle en bois à partir des données réelles
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Comparator

LVDT	sensor

• Poutres de Douglas
• Capteurs de déplacement
• Station météo
• Essais de juin à juillet 2016

Tran T-B, Bastidas-Arteaga E*, Aoues Y, Pambou Nziengui CF, 
Hamdi SE, Moutou Pitti R, Fournely E, Schoefs F, Chateauneuf A. 
(2018). Reliability assessment and updating of notched timber 
components subjected to environmental and mechanical loading. 
Engineering Structures, 166:107-16.



Mesures : flèche vs température/humidité 
relative
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Knowing the material properties, the singular stress field near the
crack tip can be easily obtained from the near tip displacement field
defined by Eq. (1), and the stress-strain governing the mechanical be-
havior of the material.

According to the definition of the energy release rate G, the super-
position principle [2,15], the virtual stress tensor components σij

v are
proportional to the virtual thermal stress intensity factors KA

I
v and KA

I
v,

which characterize the virtual open and shear modes, respectively.
Moreover, the A-integral, like the M-integral, can be physically inter-
preted as a particular definition of real stress intensity factors KA

I
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u . The mixed-mode separation can then be obtained by performing
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where C1 and C2 indicate the reduced elastic compliances in the opening
and shear modes, respectively. The thermal energy release rates, in
each specific fracture mode GA I and GA II , are ultimately given by the
following expression:
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GA I and GA II will be used in Section 4 in the reliability analysis to
determine the probability of failure.

3.2. Numerical implementation

Fig. 4 summarizes the steps followed to estimate fracture para-
meters and deflection based on the implementation of the A-integral
procedure in a FEA software. The process starts with a fine mesh at the
vicinity of the cracks. Two procedures are after launched in parallel
after assigning material properties and boundary and loading condi-
tions. They aim at estimating real and auxiliary mechanical fields that
are finally used to determine the fracture parameters and deflection at
the interest points.

The A-integral formulation described previously was numerically
implemented in the FEA software Cast3m. FEA was applied to model
the notched timber beam subjected to the static concentrate loads and
environmental conditions described in Section 2 (Fig. 1). Taking into
account the symmetry of the problem and to reduce the computational

Fig. 2. Recorded evolutions of deflection, temperature and relative humidity.

Fig. 3. Integration domain S on the notched beam and definition of the vector

field
→θ .

T.-B. Tran et al. (QJLQHHULQJ�6WUXFWXUHV���������������²���
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Comment utiliser ces données 
pour mettre à jour la fiabilité de 
la poutre ?



effort, we modeled one half of the notched beam subjected to one
concentrate load (Fig. 5). Note that the density of the mesh increases at
the vicinity of the crack. The numerical model of the cracked beam
accounts for the same geometry, load and material properties than the
real timber beam. These similar conditions will allow us to integrate
experimental data for structural reliability updating (Section 4).

The input parameters (geometry, load and material properties of the
beam) for the FEA are presented in Table 1. It is supposed that the
timber fibers are oriented horizontally. Table 1 also includes the

random variables considered in the study (P, E1, E2, and G12). We as-
sumed that the applied load follow a normal (N) distribution with a
mean value (μ) estimated according to the theoretical weight of the
concrete blocks and considering a coefficient of variation (COV) of
10%. We considered that the timber material properties (E1, E2, and
G12) follow a lognormal (LN) distribution based on the recommenda-
tions provided in [19]. Their mean values and coefficients of variations
were defined based on experimental tests for the Douglas Fir specie
used in the experiment. With respect to the values or COV given in [19]
(0.13 for all parameters), we found a larger variability on the assess-
ment of the longitudinal modulus for this specie. The other determi-
nistic parameters reported in Table 1 were also determined from the

Fig. 4. Flowchart for computing the fracture parameters.

Fig. 5. Mesh of a half beam modeled in Cast3m.

Table 1
Inputs for FEA and probabilistic analysis.

Input Parameter Description Value

Geometry L (mm) Length of the beam 3900
H (mm) Height of the beam 180
b (mm) Width of the beam 60

Load P (N) Concentrate load N(µ =4150;
COV=0.1)

Material E1 (MPa) Longitudinal modulus LN (µ =13× 103;
COV=0.2)

E2 (MPa) Transversal modulus LN(µ =650;
COV=0.15)

E3 (MPa) Radial modulus 1000
G12 (MPa) Shear modulus LN(µ =745;

COV=0.15)
ν12 Tangential Poisson

coefficient
0.42

ν13 Radial Poisson coefficient 0.38
ν23 Poisson coefficient in

transverse plane
0.31

α1 (1/K) Longitudinal thermal
expansion coefficient

2× 10−6

α2 (1/K) Transversal thermal
expansion coefficient

5× 10−5

GIc (N/mm) Critical release energy in
mode I

0.42

GIIc (N/mm) Critical release energy in
mode II

2.52

T.-B. Tran et al. (QJLQHHULQJ�6WUXFWXUHV���������������²���
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Modélisation : formulation

+ Formulation (intégrale A) [Moutou Pitti et al 2010] : 

Comportement anisotrope, modes mixtes de fissuration, 

gradient thermique

+ Taux de restitution d’énergie :

+ Quantité d’intérêt : probabilité de propagation de la fissure

+ Equation d’état limite [Moutou Pitti et al 2012] :
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Knowing the material properties, the singular stress field near the
crack tip can be easily obtained from the near tip displacement field
defined by Eq. (1), and the stress-strain governing the mechanical be-
havior of the material.

According to the definition of the energy release rate G, the super-
position principle [2,15], the virtual stress tensor components σij
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proportional to the virtual thermal stress intensity factors KA
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where C1 and C2 indicate the reduced elastic compliances in the opening
and shear modes, respectively. The thermal energy release rates, in
each specific fracture mode GA I and GA II , are ultimately given by the
following expression:
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GA I and GA II will be used in Section 4 in the reliability analysis to
determine the probability of failure.

3.2. Numerical implementation

Fig. 4 summarizes the steps followed to estimate fracture para-
meters and deflection based on the implementation of the A-integral
procedure in a FEA software. The process starts with a fine mesh at the
vicinity of the cracks. Two procedures are after launched in parallel
after assigning material properties and boundary and loading condi-
tions. They aim at estimating real and auxiliary mechanical fields that
are finally used to determine the fracture parameters and deflection at
the interest points.

The A-integral formulation described previously was numerically
implemented in the FEA software Cast3m. FEA was applied to model
the notched timber beam subjected to the static concentrate loads and
environmental conditions described in Section 2 (Fig. 1). Taking into
account the symmetry of the problem and to reduce the computational

Fig. 2. Recorded evolutions of deflection, temperature and relative humidity.

Fig. 3. Integration domain S on the notched beam and definition of the vector

field
→θ .
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experimental campaign carried out within the framework of the CLI-
MBOIS project.

4. Uncertainty propagation and failure probability updating

4.1. Reliability analysis

The reliability analysis consists of computing the probability of
failure under prescribed loading conditions [30,31]. The failure con-
dition is defined by the limit state function g X( ) separating the oper-
ating space into two regions: the safe domain, where >g X( ) 0; and the
failure domain where ⩽g X( ) 0. In this study, the reliability analysis is
carried out with respect to a crack propagation criterion defined as
[32]:

⎜ ⎟= −⎛⎝ + ⎞⎠g G
G

G
G

X X X( ) 1 ( ) ( )A I

Ic

A II

IIc (9)

whereGIc andGIIc are the critical energy release rates for modes I and II,
respectively, obtained by testing (deterministic values in Table 1);

G X( )A I and G X( )A II are the applied energy release rates for these two
cracking modes due to external loading obtained by solving the for-
mulations described in section 3; and X is the vector of random vari-
ables (e.g., P, E1, E2, and G12 in Table 1). This study assumes that the
strength variables, GIc and GIIc, are independent of the loading vari-
ables, G X( )A I and G X( )A II . For this limit state function, the probability
of failure, pf , indicates that crack propagation started and is evaluated
by integrating the joint density function of the random variables f X( )
over the failure domain:∫= ⩽ = ⩽p P g f dX X X[ ( ) 0] ( )f g X( ) 0 (10)

The evaluation of the above integral becomes a numerical challenge
because of the complexity of the mechanical models described Section
3. In addition, as one of the aims of this paper is to update the failure
probability from real data, we develop the Bayesian Network frame-
work described in the following section that is able to deal with both
aspects.

4.2. Bayesian network modeling

4.2.1. Basics of BN
BN is Direct Acyclic Graph (DAG) consisting of a set of nodes

(parents and children) that are connected by edges to illustrate their
dependencies. Nodes in BN are graphical representations of objects and
events that exist in the real world and can be modeled as continuous or
discrete random variables. A conditional Probability Density Function
(PDF), f X Xpa( | ( )) or Probability Mass Function (PMF), p X Xpa( | ( )) is
assigned to each child node, where Xpa( ) are the parents of X in the
DAG. An edge may represent causal relationships between the variables
(nodes) but this is not a requirement. The graphical structure of a BN
encodes conditional independence assumption among the random
variables. Hence, a BN is a compact model representing the joint PDF or
PMF among random variables. In this study, only BNs with discrete
random variables are considered. Fig. 6 illustrates a simple BN that
consists of three nodes representing three discrete random variables X1,
X2 and X3 in which X2 and X3 are children of the parent node X1. For

each node in the BN, its PMF defines conditional dependences on its
parents and the joint PMF of the BN presented in Fig. 6 is formed as a
product of these conditional probabilities:=P X X X P X P X X P X X( , , ) ( ) ( | ) ( | )1 2 3 1 2 1 3 1 (11)

where P X X( | )i j denotes the conditional probability of Xi given Xj.
BNs allow introducing new information (evidences) from the ob-

served nodes to update the probabilities in the network. For example, if
we have some evidences o to introduce to node X2 ( =X o2 ), this in-
formation propagates through the network and the joint PMF of the two
other nodes can be recalculated as:

= = ∑P X X o P X o X
P o

P X o X X X
P X o X

( , | ) ( , , )
( )

( )P( | )P( | )
( )P( | )X

1 2
1 3 1 1 3 1

1 11 (12)

4.2.2. BN configurations for reliability assessment and updating
This section describes the proposed methodology for reliability as-

sessment and updating of timber structures that combines mechanical
and probabilistic methods (Fig. 7). A FEA on Cast3m is used for mod-
eling the cracked timber beam subjected to external random loads P
according to the formulations presented in Section 3. In order to pro-
pagate uncertainties throughout the FEA, random inputs were gener-
ated from 10,000 Latin Hypercube based simulations for each random
variable. The outputs of the FEA are the deflection at the middle of the
timber beam w, the release energy rates ( G X( )A I and G X( )A II ) and the
evaluation of the limit state g X( ). The input and output simulations are
used to construct the BN presented in Fig. 7 that can be used to estimate
and update the structural reliability from deflection and temperature
measurements.

The BN configuration representing for the performance of the
timber beam is described in Fig. 7. The random input parameters (E1,
E2, G12, and P) and the outdoor temperature T are modeled as parent
nodes. Note that the initial temperature (T0) necessary to estimate the
temperature gradient = −T T T∆ 0 in Eq. (1), is assumed to be the mean
value of temperature during the exposure time. The outputs from FEA
processing (w, GA I and GA II) and the limit state are the child nodes. The
relationships between child and parent nodes are defined by Condi-
tional Probability Tables (CPTs). For example, node w (deflection) is
the child node of its five parent nodes (E1, E2,G12, P andT ); therefore its
CPT is defined by p w E E G P T( | , , , , )1 2 12 . Input and output data from si-
mulations are used to estimate the CPTs for all child nodes. Once the BN
is constructed, it allows introducing observations at some nodes to
update probabilities of other nodes. With assumption that all nodes are
discrete, the probability of deflection p w( ) is given by:=p w p w E E G P T p E E G P T( ) ( | , , , , ) ( , , , , )1 2 12 1 2 12 (13)

By considering that E1, E2, G12, P and T are independent variables,
the joint probability of E1, E2, G12, P and T can be rewritten as=p E E G P T p E p E p G p P p T( , , , , ) ( ) ( ) ( ) ( ) ( )1 2 12 1 2 12 . The joint probability
mass function of BN defined in Fig. 7 can be written as follows:=p E E G P T w G G g p w E E G P T p G E E G P T

p G E E G P T p G G
( , , , , , , , , ) ( | , , , , ) ( | , , , , )

( | , , , , ) (g| , )

A I A II A I
A II A I A II

1 2 12 1 2 12 1 2 12

1 2 12 (14)

Let us focus on how to use experimental data for updating the dis-
tribution of parent nodes. For example for E1, assuming that we have
observations of deflection that will be introduced at node w, we aim at
computing the a posteriori distribution p E w( | )1 as:∑=p E w p E E G P T w( | ) ( , , , , | )

E G P T
1

, , ,
1 2 12

2 12 (15)

where:∑ =p E E G P T w p E E G P T w
p w

( , , , , | ) ( , , , , , )
( )1 2 12

1 2 12

(16)

Then a posteriori of node E1 is determined by marginalising the jointFig. 6. A Simple Bayesian Network.

T.-B. Tran et al. (QJLQHHULQJ�6WUXFWXUHV���������������²���

���
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effort, we modeled one half of the notched beam subjected to one
concentrate load (Fig. 5). Note that the density of the mesh increases at
the vicinity of the crack. The numerical model of the cracked beam
accounts for the same geometry, load and material properties than the
real timber beam. These similar conditions will allow us to integrate
experimental data for structural reliability updating (Section 4).

The input parameters (geometry, load and material properties of the
beam) for the FEA are presented in Table 1. It is supposed that the
timber fibers are oriented horizontally. Table 1 also includes the

random variables considered in the study (P, E1, E2, and G12). We as-
sumed that the applied load follow a normal (N) distribution with a
mean value (μ) estimated according to the theoretical weight of the
concrete blocks and considering a coefficient of variation (COV) of
10%. We considered that the timber material properties (E1, E2, and
G12) follow a lognormal (LN) distribution based on the recommenda-
tions provided in [19]. Their mean values and coefficients of variations
were defined based on experimental tests for the Douglas Fir specie
used in the experiment. With respect to the values or COV given in [19]
(0.13 for all parameters), we found a larger variability on the assess-
ment of the longitudinal modulus for this specie. The other determi-
nistic parameters reported in Table 1 were also determined from the

Fig. 4. Flowchart for computing the fracture parameters.

Fig. 5. Mesh of a half beam modeled in Cast3m.

Table 1
Inputs for FEA and probabilistic analysis.

Input Parameter Description Value

Geometry L (mm) Length of the beam 3900
H (mm) Height of the beam 180
b (mm) Width of the beam 60

Load P (N) Concentrate load N(µ =4150;
COV=0.1)

Material E1 (MPa) Longitudinal modulus LN (µ =13× 103;
COV=0.2)

E2 (MPa) Transversal modulus LN(µ =650;
COV=0.15)

E3 (MPa) Radial modulus 1000
G12 (MPa) Shear modulus LN(µ =745;

COV=0.15)
ν12 Tangential Poisson

coefficient
0.42

ν13 Radial Poisson coefficient 0.38
ν23 Poisson coefficient in

transverse plane
0.31

α1 (1/K) Longitudinal thermal
expansion coefficient

2× 10−6

α2 (1/K) Transversal thermal
expansion coefficient

5× 10−5

GIc (N/mm) Critical release energy in
mode I

0.42

GIIc (N/mm) Critical release energy in
mode II

2.52
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probability in Eq. (14) to obtain the joint distribution of the subsets of
variables: ∑=p E E G P T w p E E G P T w G G g( , , , , , ) ( , , , , , , , , )

G G g

A I A II1 2 12
, ,

1 2 12
A I A II (17)

The posteriori distributions of other parent nodes can be computed
by similar calculations. After updating BNs, statistical moments (mean,
standard deviation) of interest nodes could be determined from their
posterior distributions.

We only consider in this study nodes discretized into a number of
finite states. Table 2 presents the discretization of nodes in the BN. Each
node is divided into a number of states in pre-defined boundaries. The
boundaries should be large enough to cover most part of possible va-
lues. The number of states could be adjusted to obtain more accurate
results. For example, temperature (T) and deflection have more states
(20 and 30 states, respectively) than other nodes (10 states) to be able
to capture the effects of small changes in observed values.

5. Results

The first past of this section starts presenting the results of a de-
terministic study of the influence of temperature variations on the
fracture parameters, deflection and limit state function (Section 5.1).
After propagating uncertainties into the mechanical model, Section 5.2
discuses the effects of accounting temperature variations on the as-
sessment of the probability of failure. Section 5.3 performs a sensitivity
analysis focusing on studying the influence of introducing several evi-
dences for updating the BN outputs of interest. Finally, the results of
failure probability updating with real data are presented and discussed
in Section 5.4.

5.1. Deterministic influence of temperature

This section studies the effects of temperature on release energy
rates, deflection and limit state function (Eq. (9)). Input random vari-
ables (E1, E2, G12, and P) in Table 1 are considered as deterministic
parameters by fixing their values to their corresponding means. Fig. 8
presents the influence of the temperature gradient T∆ on the release
energy rates ( GA I and GA II) with different initial temperatures (T0). It is
noted that an increase in T∆ can lead to larger release energy rate in
modes I and II (Fig. 8a). For example, rising T∆ by 10 °C (from 0 °C to
10 °C), values of GA I and GA II can increase up to 10%. On the other
hand, initial temperature (T0) gives an opposite trend but with less in-
fluence. WhenT0 varies from 0 °C to 30 °C, values of GA I and GA II reveal
a reduction of less than 3%. Hence, the influence of initial temperature
on GA I and GA II could be neglected.

Fig. 9a presents the relationship between temperature and deflec-
tion for the beam. It is observed that when the temperature variation
increases, the beam deflection is reduced. This behavior can be related
to the thermal expansion of the whole beam and was also observed
experimentally in Fig. 2. By comparing the experimental deflection at
the beginning of the experiment (Fig. 2) with the presented in Fig. 9a, it
can be noticed that the order of magnitude in both cases is very close.

The effects of T∆ on GA I and GA II explain the dependency of the
limit state function (Eq. (9)) on the beam on the outdoor temperature
variation (Fig. 9a) where higher temperature variation will lead to
smaller values of limit state. As a result, the probability of failure (pf )
defined from this limit state will increase for larger T∆ .

5.2. Assessment of prior failure probability

Table 3 presents the prior mean values of deflection, energy release
rates and failure probability calculated from BN. Two cases are in-
vestigated corresponding to the A-integral without temperature effects
and A-integral with =T∆ 10 °C. For both cases T∆ is considered as
deterministic and therefore the BN used to estimate these results did not
include temperature as a parent node. As discussed in previous section,
by introducing a temperature variation of 10 °C, the deflection of the
beam decreases meanwhile the release energy rates in both modes in-
creases significantly. This temperature variation increases the prob-
ability of failure by almost twice with respect to the case where =T∆ 0
°C. It is also worth noting that by introducing the uncertainties the prior
mean values of w, GA I and GA II are higher than those obtained from
deterministic approach (Section 5.1). For example, with =T∆ 0 °C, the
deflection without uncertainty is about −11.33mm (Fig. 9a) which is
lower than the value presented in Table 3. These differences are related
to the non-linear propagation of uncertainties throughout the me-
chanical model.

Fig. 7. Combined mechanical and probabilistic methods used for reliability assessment and updating.

Table 2
Discretization of nodes in BN.

Nodes Prior distribution Number of
states

Boundaries

E1 (MPa) LN(μ=13× 103;
COV=0.2)

10 [0.5; 3]× 104

E2 (MPa) LN(μ=650; COV=0.15) 10 [3; 12]× 102

G12 (MPa) LN(μ=745; COV=0.15) 10 [3; 14]× 102

P (N) N(μ=4150; COV=0.1) 10 [2; 7]× 103

T (°C) Uniform(10;40) 20 [10; 40]
w (mm) – 30 [-30; 0]

GA I (N/mm) – 10 [0; 0.5]

GA II (N/mm) – 10 [0; 2]× 102

g – Binary –
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experimental campaign carried out within the framework of the CLI-
MBOIS project.

4. Uncertainty propagation and failure probability updating

4.1. Reliability analysis

The reliability analysis consists of computing the probability of
failure under prescribed loading conditions [30,31]. The failure con-
dition is defined by the limit state function g X( ) separating the oper-
ating space into two regions: the safe domain, where >g X( ) 0; and the
failure domain where ⩽g X( ) 0. In this study, the reliability analysis is
carried out with respect to a crack propagation criterion defined as
[32]:

⎜ ⎟= −⎛⎝ + ⎞⎠g G
G

G
G

X X X( ) 1 ( ) ( )A I

Ic

A II

IIc (9)

whereGIc andGIIc are the critical energy release rates for modes I and II,
respectively, obtained by testing (deterministic values in Table 1);

G X( )A I and G X( )A II are the applied energy release rates for these two
cracking modes due to external loading obtained by solving the for-
mulations described in section 3; and X is the vector of random vari-
ables (e.g., P, E1, E2, and G12 in Table 1). This study assumes that the
strength variables, GIc and GIIc, are independent of the loading vari-
ables, G X( )A I and G X( )A II . For this limit state function, the probability
of failure, pf , indicates that crack propagation started and is evaluated
by integrating the joint density function of the random variables f X( )
over the failure domain:∫= ⩽ = ⩽p P g f dX X X[ ( ) 0] ( )f g X( ) 0 (10)

The evaluation of the above integral becomes a numerical challenge
because of the complexity of the mechanical models described Section
3. In addition, as one of the aims of this paper is to update the failure
probability from real data, we develop the Bayesian Network frame-
work described in the following section that is able to deal with both
aspects.

4.2. Bayesian network modeling

4.2.1. Basics of BN
BN is Direct Acyclic Graph (DAG) consisting of a set of nodes

(parents and children) that are connected by edges to illustrate their
dependencies. Nodes in BN are graphical representations of objects and
events that exist in the real world and can be modeled as continuous or
discrete random variables. A conditional Probability Density Function
(PDF), f X Xpa( | ( )) or Probability Mass Function (PMF), p X Xpa( | ( )) is
assigned to each child node, where Xpa( ) are the parents of X in the
DAG. An edge may represent causal relationships between the variables
(nodes) but this is not a requirement. The graphical structure of a BN
encodes conditional independence assumption among the random
variables. Hence, a BN is a compact model representing the joint PDF or
PMF among random variables. In this study, only BNs with discrete
random variables are considered. Fig. 6 illustrates a simple BN that
consists of three nodes representing three discrete random variables X1,
X2 and X3 in which X2 and X3 are children of the parent node X1. For

each node in the BN, its PMF defines conditional dependences on its
parents and the joint PMF of the BN presented in Fig. 6 is formed as a
product of these conditional probabilities:=P X X X P X P X X P X X( , , ) ( ) ( | ) ( | )1 2 3 1 2 1 3 1 (11)

where P X X( | )i j denotes the conditional probability of Xi given Xj.
BNs allow introducing new information (evidences) from the ob-

served nodes to update the probabilities in the network. For example, if
we have some evidences o to introduce to node X2 ( =X o2 ), this in-
formation propagates through the network and the joint PMF of the two
other nodes can be recalculated as:

= = ∑P X X o P X o X
P o

P X o X X X
P X o X

( , | ) ( , , )
( )

( )P( | )P( | )
( )P( | )X

1 2
1 3 1 1 3 1

1 11 (12)

4.2.2. BN configurations for reliability assessment and updating
This section describes the proposed methodology for reliability as-

sessment and updating of timber structures that combines mechanical
and probabilistic methods (Fig. 7). A FEA on Cast3m is used for mod-
eling the cracked timber beam subjected to external random loads P
according to the formulations presented in Section 3. In order to pro-
pagate uncertainties throughout the FEA, random inputs were gener-
ated from 10,000 Latin Hypercube based simulations for each random
variable. The outputs of the FEA are the deflection at the middle of the
timber beam w, the release energy rates ( G X( )A I and G X( )A II ) and the
evaluation of the limit state g X( ). The input and output simulations are
used to construct the BN presented in Fig. 7 that can be used to estimate
and update the structural reliability from deflection and temperature
measurements.

The BN configuration representing for the performance of the
timber beam is described in Fig. 7. The random input parameters (E1,
E2, G12, and P) and the outdoor temperature T are modeled as parent
nodes. Note that the initial temperature (T0) necessary to estimate the
temperature gradient = −T T T∆ 0 in Eq. (1), is assumed to be the mean
value of temperature during the exposure time. The outputs from FEA
processing (w, GA I and GA II) and the limit state are the child nodes. The
relationships between child and parent nodes are defined by Condi-
tional Probability Tables (CPTs). For example, node w (deflection) is
the child node of its five parent nodes (E1, E2,G12, P andT ); therefore its
CPT is defined by p w E E G P T( | , , , , )1 2 12 . Input and output data from si-
mulations are used to estimate the CPTs for all child nodes. Once the BN
is constructed, it allows introducing observations at some nodes to
update probabilities of other nodes. With assumption that all nodes are
discrete, the probability of deflection p w( ) is given by:=p w p w E E G P T p E E G P T( ) ( | , , , , ) ( , , , , )1 2 12 1 2 12 (13)

By considering that E1, E2, G12, P and T are independent variables,
the joint probability of E1, E2, G12, P and T can be rewritten as=p E E G P T p E p E p G p P p T( , , , , ) ( ) ( ) ( ) ( ) ( )1 2 12 1 2 12 . The joint probability
mass function of BN defined in Fig. 7 can be written as follows:=p E E G P T w G G g p w E E G P T p G E E G P T

p G E E G P T p G G
( , , , , , , , , ) ( | , , , , ) ( | , , , , )

( | , , , , ) (g| , )

A I A II A I
A II A I A II

1 2 12 1 2 12 1 2 12

1 2 12 (14)

Let us focus on how to use experimental data for updating the dis-
tribution of parent nodes. For example for E1, assuming that we have
observations of deflection that will be introduced at node w, we aim at
computing the a posteriori distribution p E w( | )1 as:∑=p E w p E E G P T w( | ) ( , , , , | )

E G P T
1

, , ,
1 2 12

2 12 (15)

where:∑ =p E E G P T w p E E G P T w
p w

( , , , , | ) ( , , , , , )
( )1 2 12

1 2 12

(16)

Then a posteriori of node E1 is determined by marginalising the jointFig. 6. A Simple Bayesian Network.
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Input Parameter Description Value

Geometry
(mm) Length of the beam 3 900
(mm) Height of the beam 180
(mm) Width of the beam 60

Environment (C) Temperature U~[10; 40]
Load (N) Concentrate load N(μ=4150; COV=0.1)

Material

(MPa) Longitudinal modulus LN (μ=13∙103; COV=0.2)
(MPa) Transversal modulus LN(μ=650; COV=0.15)
(MPa) Radial modulus 1 000
(MPa) Shear modulus LN(μ=745; COV=0.15)

Tangential Poisson coefficient 0.42

Radial Poisson coefficient 0.38

Poisson coefficient in transverse plane 0.31

(1/K) Longitudinal thermal expansion coefficient 2×10-6

(1/K) Transversal thermal expansion coefficient 5×10-5

(N/mm) Critical release energy in mode I 0.42
(N/mm) Critical release energy in mode II 2.52
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689 h of experiment. It can be seen that the temperature reveals a large
fluctuation meanwhile the deflection shows an increasing trend with
smaller variation during the experiment. The instantaneous probability
of failure of the beam will be updated every hour by introducing the
observations of temperature and deflection into the BN shown in Fig. 7.
This section will analyze first the effects of updating temperature and
deflection separately to finalize studying the combined effect of up-
dating both parameters.

Fig. 10a presents the updating of instantaneous pf with
evidences from temperature measurements only. The initial tempera-
ture (T0), which is the average temperature during the experiment, is
21 °C. Therefore, temperature variation varies within the range= − ° °T∆ [ 11 C;16 C]. It can be seen that the temperature variation
during the test is considerable large, however its influence on reliability
is relatively low as observed in Fig. 10a. The maximum value of pf
(0.06) is obtained at 608 h of experiment where the temperature
reached its maximum value (37 °C). During the experiment, the updated
values of pf are lower during the periods with small temperature (e.g.,
periods of (180 h; 240 h) and (420 h; 520 h)) and vice versa. This trend
is due to the dependency between temperature and cracking mechan-
isms which was previously analyzed from FEA in Section 5.1.

On the other hand, Fig. 10b shows that deflection variations have
more influence on reliability of the beam. The maximum updated in-
stantaneous pf in this case was 0.016. The evolution of pf follows an
increasing trend in accordance with the rise in deflection measured
during the experiment. The variation of deflection is small leading to
the same values of pf obtained for some periods of experiments. For
example, the same reliability of the beam was obtained (pf = 0.1)
during period of (260 h; 360 h) when the deflection varies in the range
(15; 15.7) mm. For such small variations, the obtained observations
during that period will correspond to the same states of deflection node
in BN leading to the same updated values.

Fig. 11 depicts the instantaneous probability of failure updated with
temperature and deflection measurements. This combination leads to
higher values of pf if the observations provide larger values of tem-
perature and an increasing trend for deflection. For example, during the
periods (320 h; 400 h) and (540 h; 660), the maximum values of pf are
about 0.2 and 0.35 respectively, which are higher than those obtained
when only a single parameter was updated (Fig. 10). In periods with
low temperature (e.g., (180 h; 240 h); (420 h; 520 h)), the instantaneous
probability of failure is lower than the obtained when updating from
deflection data only due to the effect of temperature. Therefore, it can
be concluded that the updated values of pf are in accordance with

Table 4
Results of the sensitivity analysis.

Case Description Mean values Sensitivity (relative error)

w (mm) GA I (N/mm) GA II (N/mm) pf w (mm) GA I (N/mm) GA II (N/mm) pf

Prior Prior values −11.79 0.1577 0.7535 2.76× 10−2 – – – –
Case 1 +10% E1 −10.97 0.1540 0.7535 2.61× 10−2 −7% −2% 0% −5%
Case 2 +10% E2 −11.75 0.1420 0.6653 1.50× 10−3 −0.3% −10.0% −11.7% −94.6%
Case 3 +10% G12 −11.63 0.1555 0.7225 1.50× 10−2 −1.4% −1.4% −4.1% −45.7%
Case 4 +10% P −12.66 0.1829 0.8676 3.44× 10−2 7.4% 16.0% 15.1% 24.6%
Case 5 +10% w – 0.1727 0.8007 4.85× 10−2 – 9.5% 6.3% 75.7%
Case 6 –10% P −11.14 0.1380 0.6625 6.33× 10−4 −5.5% −12.5% −12.1% −97.7%
Case 7 –10% w – 0.1477 0.7267 7.70× 10−3 – −6.3% −3.6% −72.1%

Fig. 10. Updating of instantaneous probability of failure with evidences from: (a) Temperature variations only; (b) deflection variations only.

Fig. 11. Updating of instantaneous probability of failure with evidences from
temperature and deflection.
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Mise à jour pour des valeurs de température et flèche

689 h of experiment. It can be seen that the temperature reveals a large
fluctuation meanwhile the deflection shows an increasing trend with
smaller variation during the experiment. The instantaneous probability
of failure of the beam will be updated every hour by introducing the
observations of temperature and deflection into the BN shown in Fig. 7.
This section will analyze first the effects of updating temperature and
deflection separately to finalize studying the combined effect of up-
dating both parameters.

Fig. 10a presents the updating of instantaneous pf with
evidences from temperature measurements only. The initial tempera-
ture (T0), which is the average temperature during the experiment, is
21 °C. Therefore, temperature variation varies within the range= − ° °T∆ [ 11 C;16 C]. It can be seen that the temperature variation
during the test is considerable large, however its influence on reliability
is relatively low as observed in Fig. 10a. The maximum value of pf
(0.06) is obtained at 608 h of experiment where the temperature
reached its maximum value (37 °C). During the experiment, the updated
values of pf are lower during the periods with small temperature (e.g.,
periods of (180 h; 240 h) and (420 h; 520 h)) and vice versa. This trend
is due to the dependency between temperature and cracking mechan-
isms which was previously analyzed from FEA in Section 5.1.

On the other hand, Fig. 10b shows that deflection variations have
more influence on reliability of the beam. The maximum updated in-
stantaneous pf in this case was 0.016. The evolution of pf follows an
increasing trend in accordance with the rise in deflection measured
during the experiment. The variation of deflection is small leading to
the same values of pf obtained for some periods of experiments. For
example, the same reliability of the beam was obtained (pf = 0.1)
during period of (260 h; 360 h) when the deflection varies in the range
(15; 15.7) mm. For such small variations, the obtained observations
during that period will correspond to the same states of deflection node
in BN leading to the same updated values.

Fig. 11 depicts the instantaneous probability of failure updated with
temperature and deflection measurements. This combination leads to
higher values of pf if the observations provide larger values of tem-
perature and an increasing trend for deflection. For example, during the
periods (320 h; 400 h) and (540 h; 660), the maximum values of pf are
about 0.2 and 0.35 respectively, which are higher than those obtained
when only a single parameter was updated (Fig. 10). In periods with
low temperature (e.g., (180 h; 240 h); (420 h; 520 h)), the instantaneous
probability of failure is lower than the obtained when updating from
deflection data only due to the effect of temperature. Therefore, it can
be concluded that the updated values of pf are in accordance with

Table 4
Results of the sensitivity analysis.

Case Description Mean values Sensitivity (relative error)

w (mm) GA I (N/mm) GA II (N/mm) pf w (mm) GA I (N/mm) GA II (N/mm) pf

Prior Prior values −11.79 0.1577 0.7535 2.76× 10−2 – – – –
Case 1 +10% E1 −10.97 0.1540 0.7535 2.61× 10−2 −7% −2% 0% −5%
Case 2 +10% E2 −11.75 0.1420 0.6653 1.50× 10−3 −0.3% −10.0% −11.7% −94.6%
Case 3 +10% G12 −11.63 0.1555 0.7225 1.50× 10−2 −1.4% −1.4% −4.1% −45.7%
Case 4 +10% P −12.66 0.1829 0.8676 3.44× 10−2 7.4% 16.0% 15.1% 24.6%
Case 5 +10% w – 0.1727 0.8007 4.85× 10−2 – 9.5% 6.3% 75.7%
Case 6 –10% P −11.14 0.1380 0.6625 6.33× 10−4 −5.5% −12.5% −12.1% −97.7%
Case 7 –10% w – 0.1477 0.7267 7.70× 10−3 – −6.3% −3.6% −72.1%

Fig. 10. Updating of instantaneous probability of failure with evidences from: (a) Temperature variations only; (b) deflection variations only.

Fig. 11. Updating of instantaneous probability of failure with evidences from
temperature and deflection.
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Conclusions

+ Méthodologie (mécanique et fiabilité) ➙ mettre à jour la fiabilité à partir 

de résultats d’inspection

+ Elle peut s’utiliser aussi pour

> identifier des incertitudes

> analyse de sensibilité (résultats non présentés) [Tran et al, 2018]

> modéliser la variabilité spatiale
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Logiciels

+ Matlab, Python, R … 

+ Réseaux bayésiens : Python, R, Netica, ...

+ Fiabilité, méta-modèles : Open turns (C++, Python), UQLab (Matlab, 

Python)
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